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All real bodies deform under load, either elastically or plastically. A body can be suffi-

ciently insensitive to deformation that a presumption of rigidity does not affect an analy-

sis enough to warrant a nonrigid treatment. If the body deformation later proves to be not

negligible, then declaring rigidity was a poor decision, not a poor assumption. A wire

rope is flexible, but in tension it can be robustly rigid and it distorts enormously under

attempts at compressive loading. The same body can be both rigid and nonrigid.

Deflection analysis enters into design situations in many ways. A snap ring, or retain-

ing ring, must be flexible enough to be bent without permanent deformation and

assembled with other parts, and then it must be rigid enough to hold the assembled parts

together. In a transmission, the gears must be supported by a rigid shaft. If the shaft bends

too much, that is, if it is too flexible, the teeth will not mesh properly, and the result will

be excessive impact, noise, wear, and early failure. In rolling sheet or strip steel to pre-

scribed thicknesses, the rolls must be crowned, that is, curved, so that the finished product

will be of uniform thickness. Thus, to design the rolls it is necessary to know exactly how

much they will bend when a sheet of steel is rolled between them. Sometimes mechanical

elements must be designed to have a particular force-deflection characteristic. The

suspension system of an automobile, for example, must be designed within a very narrow

range to achieve an optimum vibration frequency for all conditions of vehicle loading,

because the human body is comfortable only within a limited range of frequencies.

The size of a load-bearing component is often determined on deflections, rather

than limits on stress.

This chapter considers distortion of single bodies due to geometry (shape) and

loading, then, briefly, the behavior of groups of bodies.

4–1 Spring Rates
Elasticity is that property of a material that enables it to regain its original configuration

after having been deformed. A spring is a mechanical element that exerts a force when

deformed. Figure 4–1a shows a straight beam of length l simply supported at the ends

and loaded by the transverse force F. The deflection y is linearly related to the force, as

long as the elastic limit of the material is not exceeded, as indicated by the graph. This

beam can be described as a linear spring.

In Fig. 4–1b a straight beam is supported on two cylinders such that the length

between supports decreases as the beam is deflected by the force F. A larger force is

required to deflect a short beam than a long one, and hence the more this beam is

deflected, the stiffer it becomes. Also, the force is not linearly related to the deflection,

and hence this beam can be described as a nonlinear stiffening spring.

Figure 4–1

(a) A linear spring; (b) a
stiffening spring; (c) a
softening spring.
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Figure 4–1c is an edge-view of a dish-shaped round disk. The force necessary to

flatten the disk increases at first and then decreases as the disk approaches a flat con-

figuration, as shown by the graph. Any mechanical element having such a characteristic

is called a nonlinear softening spring.

If we designate the general relationship between force and deflection by the equation

F = F(y) (a)

then spring rate is defined as

k(y) = lim
�y→0

�F

�y
= d F

dy
(4–1)

where y must be measured in the direction of F and at the point of application of F. Most

of the force-deflection problems encountered in this book are linear, as in Fig. 4–1a. For

these, k is a constant, also called the spring constant; consequently Eq. (4–1) is written

k = F

y
(4–2)

We might note that Eqs. (4–1) and (4–2) are quite general and apply equally well for

torques and moments, provided angular measurements are used for y. For linear dis-

placements, the units of k are often pounds per inch or newtons per meter, and for

angular displacements, pound-inches per radian or newton-meters per radian.

4–2 Tension, Compression, and Torsion
The total extension or contraction of a uniform bar in pure tension or compression,

respectively, is given by

δ = Fl

AE
(4–3)

This equation does not apply to a long bar loaded in compression if there is a possibil-

ity of buckling (see Secs. 4–11 to 4–15). Using Eqs. (4–2) and (4–3), we see that the

spring constant of an axially loaded bar is

k = AE

l
(4–4)

The angular deflection of a uniform round bar subjected to a twisting moment T

was given in Eq. (3–35), and is

θ = T l

G J
(4–5)

where θ is in radians. If we multiply Eq. (4–5) by 180/π and substitute J = πd4/32

for a solid round bar, we obtain

θ = 583.6T l

Gd4
(4–6)

where θ is in degrees.

Equation (4–5) can be rearranged to give the torsional spring rate as

k = T

θ
= G J

l
(4–7)



Budynas−Nisbett: Shigley’s 

Mechanical Engineering 

Design, Eighth Edition

I. Basics 4. Deflection and Stiffness148 © The McGraw−Hill 

Companies, 2008

144 Mechanical Engineering Design

4–3 Deflection Due to Bending
The problem of bending of beams probably occurs more often than any other loading

problem in mechanical design. Shafts, axles, cranks, levers, springs, brackets, and wheels,

as well as many other elements, must often be treated as beams in the design and analy-

sis of mechanical structures and systems. The subject of bending, however, is one that

you should have studied as preparation for reading this book. It is for this reason that

we include here only a brief review to establish the nomenclature and conventions to be

used throughout this book.

The curvature of a beam subjected to a bending moment M is given by

1

ρ
= M

E I
(4–8)

where ρ is the radius of curvature. From studies in mathematics we also learn that the

curvature of a plane curve is given by the equation

1

ρ
= d2 y/dx2

[1 + (dy/dx)2]3/2
(4–9)

where the interpretation here is that y is the lateral deflection of the beam at any point

x along its length. The slope of the beam at any point x is

θ = dy

dx
(a)

For many problems in bending, the slope is very small, and for these the denominator

of Eq. (4–9) can be taken as unity. Equation (4–8) can then be written

M

E I
= d2 y

dx2
(b)

Noting Eqs. (3–3) and (3–4) and successively differentiating Eq. (b) yields

V

E I
= d3 y

dx3
(c)

q

E I
= d4 y

dx4
(d )

It is convenient to display these relations in a group as follows:

q

E I
= d4 y

dx4
(4–10)

V

E I
= d3 y

dx3
(4–11)

M

E I
= d2 y

dx2
(4–12)

θ = dy

dx
(4–13)

y = f (x) (4–14)
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The nomenclature and conventions are illustrated by the beam of Fig. 4–2. Here, a beam

of length l = 20 in is loaded by the uniform load w = 80 lbf per inch of beam length.

The x axis is positive to the right, and the y axis positive upward. All quantities—

loading, shear, moment, slope, and deflection—have the same sense as y; they are pos-

itive if upward, negative if downward.

The reactions R1 = R2 = +800 lbf and the shear forces V0 = +800 lbf and

Vl = −800 lbf are easily computed by using the methods of Chap. 3. The bending

moment is zero at each end because the beam is simply supported. For a simply-

supported beam, the deflections are also zero at each end. 

Figure 4–2
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EXAMPLE 4–1 For the beam in Fig. 4–2, the bending moment equation, for 0 ≤ x ≤ l, is

M = wl

2
x − w

2
x2

Using Eq. (4–12), determine the equations for the slope and deflection of the beam, the

slopes at the ends, and the maximum deflection.

Solution Integrating Eq. (4–12) as an indefinite integral we have

E I
dy

dx
=
∫

M dx = wl

4
x2 − w

6
x3 + C1 (1)

where C1 is a constant of integration that is evaluated from geometric boundary conditions.

We could impose that the slope is zero at the midspan of the beam, since the beam and
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loading are symmetric relative to the midspan. However, we will use the given bound-

ary conditions of the problem and verify that the slope is zero at the midspan. Integrating

Eq. (1) gives

E I y =
∫∫

M dx = wl

12
x3 − w

24
x4 + C1x + C2 (2)

The boundary conditions for the simply supported beam are y = 0 at x = 0 and l.

Applying the first condition, y = 0 at x = 0, to Eq. (2) results in C2 = 0. Applying the

second condition to Eq. (2) with C2 = 0,

E I y(l) = wl

12
l3 − w

24
l4 + C1l = 0

Solving for C1 yields C1 = −wl3/24. Substituting the constants back into Eqs. (1) and

(2) and solving for the deflection and slope results in

y = wx

24E I
(2lx2 − x3 − l3) (3)

θ = dy

dx
= w

24E I
(6lx2 − 4x3 − l3) (4)

Comparing Eq. (3) with that given in TableA–9, beam 7, we see complete agreement.

For the slope at the left end, substituting x = 0 into Eq. (4) yields

θ |x=0 = − wl3

24E I

and at x = l,

θ |x= l = wl3

24E I

At the midspan, substituting x = l/2 gives dy/dx = 0, as earlier suspected.

The maximum deflection occurs where dy/dx = 0. Substituting x = l/2 into

Eq. (3) yields

ymax = − 5wl4

384E I

which again agrees with Table A–9–7.

The approach used in the example is fine for simple beams with continuous

loading. However, for beams with discontinuous loading and/or geometry such as a step

shaft with multiple gears, flywheels, pulleys, etc., the approach becomes unwieldy. The

following section discusses bending deflections in general and the techniques that are

provided in this chapter.

4–4 Beam Deflection Methods
Equations (4–10) through (4–14) are the basis for relating the intensity of loading q,

vertical shear V, bending moment M, slope of the neutral surface θ, and the trans-

verse deflection y. Beams have intensities of loading that range from q = constant
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(uniform loading), variable intensity q(x), to Dirac delta functions (concentrated

loads).

The intensity of loading usually consists of piecewise contiguous zones, the

expressions for which are integrated through Eqs. (4–10) to (4–14) with varying

degrees of difficulty. Another approach is to represent the deflection y(x) as a Fourier

series, which is capable of representing single-valued functions with a finite number of

finite discontinuities, then differentiating through Eqs. (4–14) to (4–10), and stopping

at some level where the Fourier coefficients can be evaluated. A complication is the

piecewise continuous nature of some beams (shafts) that are stepped-diameter bodies.

All of the above constitute, in one form or another, formal integration methods,

which, with properly selected problems, result in solutions for q, V, M, θ, and y. These

solutions may be

1 Closed-form, or

2 Represented by infinite series, which amount to closed form if the series are

rapidly convergent, or

3 Approximations obtained by evaluating the first or the first and second terms.

The series solutions can be made equivalent to the closed-form solution by the use of a

computer. Roark’s1 formulas are committed to commercial software and can be used on

a personal computer.

There are many techniques employed to solve the integration problem for beam

deflection. Some of the popular methods include:

• Superposition (see Sec. 4–5)

• The moment-area method2

• Singularity functions (see Sec. 4–6)

• Numerical integration3

The two methods described in this chapter are easy to implement and can handle a large

array of problems. 

There are methods that do not deal with Eqs. (4–10) to (4–14) directly. An energy

method, based on Castigliano’s theorem, is quite powerful for problems not suitable for

the methods mentioned earlier and is discussed in Secs. 4–7 to 4–10. Finite element

programs are also quite useful for determining beam deflections.

4–5 Beam Deflections by Superposition
The results of many simple load cases and boundary conditions have been solved

and are available. Table A–9 provides a limited number of cases. Roark’s4 provides

a much more comprehensive listing. Superposition resolves the effect of combined

loading on a structure by determining the effects of each load separately and adding

1Warren C. Young and Richard G. Budynas, Roark’s Formulas for Stress and Strain, 7th ed., McGraw-Hill,

New York, 2002.

2See Chap. 9, F. P. Beer, E. R. Johnston Jr., and J. T. DeWolf, Mechanics of Materials, 4th ed., McGraw-Hill,

New York, 2006.

3See Sec. 4–4, J. E. Shigley and C. R. Mischke, Mechanical Engineering Design, 6th ed., McGraw-Hill,

New York, 2001.

4Warren C. Young and Richard G. Budynas, Roark’s Formulas for Stress and Strain, 7th ed., McGraw-Hill,

New York, 2002.
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the results algebraically. Superposition may be applied provided: (1) each effect is

linearly related to the load that produces it, (2) a load does not create a condition that

affects the result of another load, and (3) the deformations resulting from any spe-

cific load are not large enough to appreciably alter the geometric relations of the

parts of the structural system.

The following examples are illustrations of the use of superposition.

Figure 4–3

x
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l

B
A

C
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If we wanted to determine the maximum deflection in the previous example, we

would set dy/dx = 0 and solve for the value of x where the deflection is a maximum.

If a = l/2, the maximum deflection would obviously occur at x = l/2 because of

symmetry. However, if a < l/2, where would the maximum deflection be? It can be

shown that as the force F moves toward the left support, the maximum deflection moves

toward the left support also, but not as much as F (see Prob. 4–34). Thus, we would set

dyBC/dx = 0 and solve for x.

Sometimes it may not be obvious that we can use superposition with the tables at

hand, as demonstrated in the next example.

EXAMPLE 4–2 Consider the uniformly loaded beam with a concentrated force as shown in Fig. 4–3.

Using superposition, determine the reactions and the deflection as a function of x.

Solution Considering each load state separately, we can superpose beams 6 and 7 of Table A–9.

For the reactions we find

Answer R1 = Fb

l
+ wl

2

Answer R2 = Fa

l
+ wl

2

The loading of beam 6 is discontinuous and separate deflection equations are given

for regions AB and BC. Beam 7 loading is not discontinuous so there is only one equa-

tion. Superposition yields

Answer yAB = Fbx

6E Il
(x2 + b2 − l2) + wx

24E I
(2lx2 − x3 − l3)

Answer yBC = Fa(l − x)

6E Il
(x2 + a2 − 2lx) + wx

24E I
(2lx2 − x3 − l3)
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EXAMPLE 4–3 Consider the beam in Fig. 4–4a and determine the deflection equations using

superposition.

Solution For region AB we can superpose beams 7 and 10 of Table A–9 to obtain

Answer yAB = wx

24E I
(2lx2 − x3 − l3) + Fax

6E Il
(l2 − x2)

For region BC , how do we represent the uniform load? Considering the uniform

load only, the beam deflects as shown in Fig. 4–4b. Region BC is straight since

there is no bending moment due to w. The slope of the beam at B is θB and is

obtained by taking the derivative of y given in the table with respect to x and setting

x = l . Thus,

dy

dx
= d

dx

[

wx

24E I
(2lx2 − x3 − l3)

]

= w

24E I
(6lx2 − 4x3 − l3)

Substituting x = l gives

θB = w

24E I
(6ll2 − 4l3 − l3) = wl3

24E I

The deflection in region BC due to w is θB(x − l), and adding this to the deflection due

to F, in BC, yields

Answer yBC = wl3

24E I
(x − l) + F(x − l)

6E I
[(x − l)2 − a(3x − l)]

x

y

R1

F

w

al

B
A

C

R2

(a)

x

y

w

x

l

B 	B
yBC = 	B(x – l )

A
C

(b)

Figure 4–4

(a) Beam with uniformly
distributed load and overhang
force; (b) deflections due to
uniform load only.

EXAMPLE 4–4 Figure 4–5a shows a cantilever beam with an end load. Normally we model this prob-

lem by considering the left support as rigid. After testing the rigidity of the wall it was

found that the translational stiffness of the wall was kt force per unit vertical deflection,

and the rotational stiffness was kr moment per unit angular (radian) deflection (see

Fig. 4–5b). Determine the deflection equation for the beam under the load F.
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Solution Here we will superpose the modes of deflection. They are: (1) translation due to the

compression of spring kt , (2) rotation of the spring kr , and (3) the elastic deformation

of the beam given by Table A–9–1. The force in spring kt is R1 = F , giving a deflec-

tion from Eq. (4–2) of

y1 = − F

kt

(1)

The moment in spring kr is M1 = Fl . This gives a clockwise rotation of θ = Fl/kr .

Considering this mode of deflection only, the beam rotates rigidly clockwise, leading to

a deflection equation of

y2 = − Fl

kr

x (2)

Finally, the elastic deformation of the beam from Table A–9–1 is

y3 = Fx2

6E I
(x − 3l) (3)

Adding the deflections from each mode yields

Answer y = Fx2

6E I
(x − 3l) − F

kt

− Fl

kr

x

4–6 Beam Deflections by Singularity Functions
Introduced in Sec. 3–3, singularity functions are excellent for managing discontinuities, and

their application to beam deflection is a simple extension of what was presented in the ear-

lier section. They are easy to program, and as will be seen later, they can greatly simplify

the solution of statically indeterminate problems. The following examples illustrate the use

of singularity functions to evaluate deflections of statically determinate beam problems.

x
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Figure 4–5
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EXAMPLE 4–5 Consider the beam of Table A–9–6, which is a simply supported beam having a con-

centrated load F not in the center. Develop the deflection equations using singularity

functions.

Solution First, write the load intensity equation from the free-body diagram,

q = R1〈x〉−1 − F〈x − a〉−1 + R2〈x − l〉−1 (1)

Integrating Eq. (1) twice results in

V = R1〈x〉0 − F〈x − a〉0 + R2〈x − l〉0 (2)

M = R1〈x〉1 − F〈x − a〉1 + R2〈x − l〉1 (3)

Recall that as long as the q equation is complete, integration constants are unnecessary

for V and M; therefore, they are not included up to this point. From statics, setting

V = M = 0 for x slightly greater than l yields R1 = Fb/ l and R2 = Fa/ l . Thus Eq. (3)

becomes

M = Fb

l
〈x〉1 − F〈x − a〉1 + Fa

l
〈x − l〉1

Integrating Eqs. (4–12) and (4–13) as indefinite integrals gives

E I
dy

dx
= Fb

2l
〈x〉2 − F

2
〈x − a〉2 + Fa

2l
〈x − l〉2 + C1

E I y = Fb

6l
〈x〉3 − F

6
〈x − a〉3 + Fa

6l
〈x − l〉3 + C1x + C2

Note that the first singularity term in both equations always exists, so 〈x〉2 = x2

and 〈x〉3 = x3. Also, the last singularity term in both equations does not exist until

x = l, where it is zero, and since there is no beam for x > l we can drop the last term.

Thus

E I
dy

dx
= Fb

2l
x2 − F

2
〈x − a〉2 + C1 (4)

E I y = Fb

6l
x3 − F

6
〈x − a〉3 + C1x + C2 (5)

The constants of integration C1 and C2 are evaluated by using the two boundary con-

ditions y = 0 at x = 0 and y = 0 at x = l. The first condition, substituted into Eq. (5),

gives C2 = 0 (recall that 〈0 − a〉3 = 0). The second condition, substituted into Eq. (5),

yields

0 = Fb

6l
l3 − F

6
(l − a)3 + C1l = Fbl2

6
− Fb3

6
+ C1l

Solving for C1,

C1 = − Fb

6l
(l2 − b2)
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Figure 4–6
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Finally, substituting C1 and C2 in Eq. (5) and simplifying produces

y = F

6E Il
[bx(x2 + b2 − l2) − l〈x − a〉3] (6)

Comparing Eq. (6) with the two deflection equations in Table A–9–6, we note that the

use of singularity functions enables us to express the deflection equation with a single

equation.

EXAMPLE 4–6 Determine the deflection equation for the simply supported beam with the load distrib-

ution shown in Fig. 4–6.

Solution This is a good beam to add to our table for later use with superposition. The load inten-

sity equation for the beam is

q = R1〈x〉−1 − w〈x〉0 + w〈x − a〉0 + R2〈x − l〉−1 (1)

where the w〈x − a〉0 is necessary to “turn off” the uniform load at x = a.

From statics, the reactions are

R1 = wa

2l
(2l − a) R2 = wa2

2l
(2)

For simplicity, we will retain the form of Eq. (1) for integration and substitute the values

of the reactions in later.

Two integrations of Eq. (1) reveal

V = R1〈x〉0 − w〈x〉1 + w〈x − a〉1 + R2〈x − l〉0 (3)

M = R1〈x〉1 − w

2
〈x〉2 + w

2
〈x − a〉2 + R2〈x − l〉1 (4)

As in the previous example, singularity functions of order zero or greater starting at

x = 0 can be replaced by normal polynomial functions. Also, once the reactions are

determined, singularity functions starting at the extreme right end of the beam can be

omitted. Thus, Eq. (4) can be rewritten as

M = R1x − w

2
x2 + w

2
〈x − a〉2 (5)
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Integrating two more times for slope and deflection gives

E I
dy

dx
= R1

2
x2 − w

6
x3 + w

6
〈x − a〉3 + C1 (6)

E I y = R1

6
x3 − w

24
x4 + w

24
〈x − a〉4 + C1x + C2 (7)

The boundary conditions are y = 0 at x = 0 and y = 0 at x = l. Substituting the first

condition in Eq. (7) shows C2 = 0. For the second condition

0 = R1

6
l3 − w

24
l4 + w

24
(l − a)4 + C1l

Solving for C1 and substituting into Eq. (7) yields

E I y = R1

6
x(x2 − l2) − w

24
x(x3 − l3) − w

24l
x(l − a)4 + w

24
〈x − a〉4

Finally, substitution of R1 from Eq. (2) and simplifying results gives

Answer y = w

24E Il
[2ax(2l − a)(x2 − l2) − xl(x3 − l3) − x(l − a)4 + l〈x − a〉4]

As stated earlier, singularity functions are relatively simple to program, as they are

omitted when their arguments are negative, and the 〈 〉 brackets are replaced with ( )

parentheses when the arguments are positive.

EXAMPLE 4–7 The steel step shaft shown in Fig. 4–7a is mounted in bearings at A and F. A pulley

is centered at C where a total radial force of 600 lbf is applied. Using singularity

functions evaluate the shaft displacements at 1
2
- in increments. Assume the shaft is

simply supported.

Solution The reactions are found to be R1 = 360 lbf and R2 = 240 lbf. Ignoring R2, using

singularity functions, the moment equation is

M = 360x − 600〈x − 8〉1 (1)

This is plotted in Fig. 4–7b.

For simplification, we will consider only the step at D. That is, we will assume sec-

tion AB has the same diameter as BC and section EF has the same diameter as DE.

Since these sections are short and at the supports, the size reduction will not add much

to the deformation. We will examine this simplification later. The second area moments

for BC and DE are

IBC = π

64
1.54 = 0.2485 in4 IDE = π

64
1.754 = 0.4604 in4
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A plot of M/I is shown in Fig. 4–7c. The values at points b and c, and the step change are
(

M

I

)

b

= 2760

0.2485
= 11 106.6 lbf/in3

(

M

I

)

c

= 2760

0.4604
= 5 994.8 lbf/in3

�

(

M

I

)

= 5 994.8 − 11 106.6 = −5 111.8 lbf/in3

The slopes for ab and cd, and the change are

mab = 360 − 600

0.2485
= −965.8 lbf/in4 mcd = −5 994.8

11.5
= −521.3 lbf/in4

�m = −521.3 − (−965.8) = 444.5 lbf/in4

Dividing Eq. (1) by IBC and, at x � 8.5 in, adding a step of −5 111.8 lbf/in3 and a ramp

of slope 444.5 lbf/in4 , gives

M

I
= 1 448.7x − 2 414.5〈x − 8〉1 − 5 111.8〈x − 8.5〉0 + 444.5〈x − 8.5〉1 (2)

Integrating twice gives

E
dy

dx
= 724.35x2 − 1207.3〈x − 8〉2 − 5 111.8〈x − 8.5〉1

+222.3〈x − 8.5〉2 + C1 (3)

and

Ey = 241.5x3 − 402.4〈x − 8〉3 − 2 555.9〈x − 8.5〉2 + 74.08〈x − 8.5〉3 + C1x + C2

(4)

At x = 0, y = 0. This gives C2 = 0 (remember, singularity functions do not exist until

the argument is positive). At x = 20 in, y = 0, and

0 = 241.5(20)3 − 402.4(20 − 8)3 − 2 555.9(20 − 8.5)2 + 74.08(20 − 8.5)3 + C1(20)

M/I

M

a
b

ED
CBA

R2

F

x

c

d

2880 lbf-in 2760 lbf-in

1.000
1.7501.500

0.5
8

600 lbf

1.000

8.5
19.5

20

R1

y

(a)

(b)

(c)

Figure 4–7

Dimensions in inches.
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Solving, gives C1 = −50 565 lbf/in2 . Thus, Eq. (4) becomes, with E = 30(10)6 psi,

y = 1

30(106)
(241.5x3 − 402.4〈x − 8〉3 − 2 555.9〈x − 8.5〉2

+74.08〈x − 8.5〉3 − 50 565x) (5)

When using a spreadsheet, program the following equations:

y = 1

30(106)
(241.5x3 − 50 565x) 0 ≤ x ≤ 8 in

y = 1

30(106)
[241.5x3 − 402.4(x − 8)3 − 50 565x] 8 ≤ x ≤ 8.5 in

y = 1

30(106)
[241.5x3 − 402.4 (x − 8)3 − 2 555.9 (x − 8.5)2

+74.08 (x − 8.5)3 − 50 565x] 8.5 ≤ x ≤ 20 in

The following table results.

x y x y x y x y x y

0 0.000000 4.5 �0.006851 9 �0.009335 13.5 �0.007001 18 �0.002377

0.5 �0.000842 5 �0.007421 9.5 �0.009238 14 �0.006571 18.5 �0.001790

1 �0.001677 5.5 �0.007931 10 �0.009096 14.5 �0.006116 19 �0.001197

1.5 �0.002501 6 �0.008374 10.5 �0.008909 15 �0.005636 19.5 �0.000600

2 �0.003307 6.5 �0.008745 11 �0.008682 15.5 �0.005134 20 0.000000

2.5 �0.004088 7 �0.009037 11.5 �0.008415 16 �0.004613

3 �0.004839 7.5 �0.009245 12 �0.008112 16.5 �0.004075

3.5 �0.005554 8 �0.009362 12.5 �0.007773 17 �0.003521

4 �0.006227 8.5 �0.009385 13 �0.007403 17.5 �0.002954

where x and y are in inches. We see that the greatest deflection is at x = 8.5 in, where

y = −0.009385 in.

Substituting C1 into Eq. (3) the slopes at the supports are found to be θA = 1.686(10−3)

rad = 0.09657 deg, and θF = 1.198(10−3) rad = 0.06864 deg. You might think these to

be insignificant deflections, but as you will see in Chap. 7, on shafts, they are not.

A finite-element analysis was performed for the same model and resulted in

y|x = 8.5 in = −0.009380 in θA = −0.09653◦ θF = 0.06868◦

Virtually the same answer save some round-off error in the equations.

If the steps of the bearings were incorporated into the model, more equations result,

but the process is the same. The solution to this model is

y|x = 8.5 in = −0.009387 in θA = −0.09763◦ θF = 0.06973◦

The largest difference between the models is of the order of 1.5 percent. Thus the sim-

plification was justified.
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In Sec. 4–9, we will demonstrate the usefulness of singularity functions in solving

statically indeterminate problems.

4–7 Strain Energy
The external work done on an elastic member in deforming it is transformed into strain,

or potential, energy. If the member is deformed a distance y, and if the force-deflection

relationship is linear, this energy is equal to the product of the average force and the

deflection, or

U = F

2
y = F2

2k
(a)

This equation is general in the sense that the force F can also mean torque, or moment,

provided, of course, that consistent units are used for k. By substituting appropriate

expressions for k, strain-energy formulas for various simple loadings may be obtained.

For tension and compression and for torsion, for example, we employ Eqs. (4–4) and

(4–7) and obtain

U = F2l

2AE
tension and compression (4–15)

U = T 2l

2G J
torsion (4–16)

To obtain an expression for the strain energy due to direct shear, consider the

element with one side fixed in Fig. 4–8a. The force F places the element in pure shear,

and the work done is U = Fδ/2. Since the shear strain is γ = δ/ l = τ/G = F/AG,

we have

U = F2l

2AG
direct shear (4–17)

The strain energy stored in a beam or lever by bending may be obtained by refer-

ring to Fig. 4–8b. Here AB is a section of the elastic curve of length ds having a radius

of curvature ρ. The strain energy stored in this element of the beam is dU = (M/2)dθ.

Since ρ dθ = ds , we have

dU = M ds

2ρ
(b)

dx

A

O

B
ds

d	
�

(a) Pure shear element (b) Beam bending element

F

F

F

�

�

l

Figure 4–8
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We can eliminate ρ by using Eq. (4–8). Thus

dU = M2 ds

2E I
(c)

For small deflections, ds
.= dx . Then, for the entire beam

U =
∫

M2 dx

2E I
bending (4–18)

Equation (4–18) is exact only when a beam is subject to pure bending. Even when

shear is present, Eq. (4–18) continues to give quite good results, except for very short

beams. The strain energy due to shear loading of a beam is a complicated problem. An

approximate solution can be obtained by using Eq. (4–17) with a correction factor

whose value depends upon the shape of the cross section. If we use C for the correction

factor and V for the shear force, then the strain energy due to shear in bending is the

integral of Eq. (4–17), or

U =
∫

CV 2 dx

2AG
bending shear (4–19)

Values of the factor C are listed in Table 4–1.

Table 4–1

Strain-Energy Correction

Factors for Shear
Source: Richard G. Budynas,
Advanced Strength and
Applied Stress Analysis,
2nd ed., McGraw-Hill,
New York, 1999. 
Copyright © 1999 The
McGraw-Hill Companies.

Beam Cross-Sectional Shape Factor C

Rectangular 1.2

Circular 1.11

Thin-walled tubular, round 2.00

Box sections† 1.00

Structural sections† 1.00

†Use area of web only.

EXAMPLE 4–8 Find the strain energy due to shear in a rectangular cross-section beam, simply sup-

ported, and having a uniformly distributed load.

Solution Using Appendix Table A–9–7, we find the shear force to be

V = wl

2
− wx

Substituting into Eq. (4–19), with C = 1.2, gives

Answer U = 1.2

2AG

∫ l

0

(

wl

2
− wx

)2

dx = w2l3

20AG
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EXAMPLE 4–9 A cantilever has a concentrated load F at the end, as shown in Fig. 4–9. Find the strain

energy in the beam by neglecting shear.

Solution At any point x along the beam, the moment is M = −Fx . Substituting this value of M

into Eq. (4–18), we find

Answer U =
∫ l

0

F2x2 dx

2E I
= F2l3

6E I

4–8 Castigliano’s Theorem
A most unusual, powerful, and often surprisingly simple approach to deflection analy-

sis is afforded by an energy method called Castigliano’s theorem. It is a unique way of

analyzing deflections and is even useful for finding the reactions of indeterminate struc-

tures. Castigliano’s theorem states that when forces act on elastic systems subject to

small displacements, the displacement corresponding to any force, in the direction of

the force, is equal to the partial derivative of the total strain energy with respect to that

force. The terms force and displacement in this statement are broadly interpreted to

apply equally to moments and angular displacements. Mathematically, the theorem of

Castigliano is

δi = ∂U

∂ Fi

(4–20)

where δi is the displacement of the point of application of the force Fi in the direction

of Fi . For rotational displacement Eq. (4–20) can be written as

θi = ∂U

∂Mi

(4–21)

where θi is the rotational displacement, in radians, of the beam where the moment

Mi exists and in the direction of Mi .

As an example, apply Castigliano’s theorem using Eqs. (4–15) and (4–16) to get

the axial and torsional deflections. The results are

δ = ∂

∂ F

(

F2l

2AE

)

= Fl

AE
(a)

θ = ∂

∂T

(

T 2l

2G J

)

= T l

G J
(b)

ymax

F

l

x

Figure 4–9
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Compare Eqs. (a) and (b) with Eqs. (4–3) and (4–5). In Example 4–8, the bending strain

energy for a cantilever having a concentrated end load was found. According to

Castigliano’s theorem, the deflection at the end of the beam due to bending is

y = ∂U

∂ F
= ∂

∂ F

(

F2l3

6E I

)

= Fl3

3E I
(c)

which checks with Table A–9–1.

Castigliano’s theorem can be used to find the deflection at a point even though no

force or moment acts there. The procedure is:

1 Set up the equation for the total strain energy U by including the energy due

to a fictitious force or moment Qi acting at the point whose deflection is to be

found.

2 Find an expression for the desired deflection δi , in the direction of Qi , by taking

the derivative of the total strain energy with respect to Qi .

3 Since Qi is a fictitious force, solve the expression obtained in step 2 by setting

Qi equal to zero. Thus,

δi = ∂U

∂ Qi

∣

∣

∣

∣

Qi =0

(4–22)

EXAMPLE 4–10 The cantilever of Ex. 4–9 is a carbon steel bar 10 in long with a 1-in diameter and is

loaded by a force F = 100 lbf.

(a) Find the maximum deflection using Castigliano’s theorem, including that due to shear.

(b) What error is introduced if shear is neglected?

Solution (a) From Eq. (4–19) and Example 4–9 data, the total strain energy is

U = F2l3

6E I
+
∫ l

0

CV 2 dx

2AG
(1)

For the cantilever, the shear force is constant with repect to x, V = F . Also, C = 1.11,

from Table 4–1. Performing the integration and substituting these values in Eq. (1)

gives, for the total strain energy,

U = F2l3

6E I
+ 1.11F2l

2AG
(2)

Then, according to Castigliano’s theorem, the deflection of the end is

y = ∂U

∂ F
= Fl3

3E I
+ 1.11Fl

AG
(3)

We also find that

I = πd4

64
= π(1)4

64
= 0.0491 in4

A = πd2

4
= π(1)2

4
= 0.7854 in2
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Substituting these values, together with F = 100 lbf, l = 10 in, E = 30 Mpsi, and

G = 11.5 Mpsi, in Eq. (3) gives

Answer y = 0.022 63 + 0.000 12 = 0.022 75 in

Note that the result is positive because it is in the same direction as the force F.

Answer (b) The error in neglecting shear for this problem is found to be about 0.53 percent.

F

A B C

l/2l/2

I1 2I1

Qi

x

yFigure 4–10

In performing any integrations, it is generally better to take the partial derivative

with respect to the load Fi first. This is true especially if the force is a fictitious force

Qi , since it can be set to zero as soon as the derivative is taken. This is demonstrated in

the next example. The forms for deflection can then be rewritten. Here we will assume,

for axial and torsional loading, that material and cross section properties and loading

can vary along the length of the members. From Eqs. (4–15), (4–16), and (4–18),

δi = ∂U

∂ Fi

=
∫

1

AE

(

F
∂ F

∂ Fi

)

dx tension and compression (4–23)

θi = ∂U

∂Mi

=
∫

1

G J

(

T
∂T

∂Mi

)

dx torsion (4–24)

δi = ∂U

∂ Fi

=
∫

1

E I

(

M
∂M

∂ Fi

)

dx bending (4–25)

EXAMPLE 4–11 Using Castigliano’s method, determine the deflections of points A and B due to the

force F applied at the end of the step shaft shown in Fig. 4–10. The second area

moments for sections AB and BC are I1 and 2I1, respectively.

Solution With cantilever beams we normally set up the coordinate system such that x starts at the

wall and is directed towards the free end. Here, for simplicity, we have reversed

that. With the coordinate system of Fig. 4–10 the bending moment expression is simpler

than with the usual coordinate system, and does not require the support reactions. For

0 ≤ x ≤ l , the bending moment is

M = −Fx (1)

Since F is at A and in the direction of the desired deflection, the deflection at A from

Eq. (4–25) is
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δA = ∂U

∂ F
=
∫ l

0

1

E I

(

M
∂M

∂ F

)

dx (2)

Substituting Eq. (1) into Eq. (2), noting that I = I1 for 0 ≤ x ≤ l/2, and I = 2I1 for

l/2 ≤ x ≤ l, we get

Answer

δA = 1

E

[∫ l/2

0

1

I1

(−Fx) (−x) dx +
∫ l

l/2

1

2I1

(−Fx) (−x) dx

]

= 1

E

[

Fl3

24I1

+ 7Fl3

48I1

]

= 3

16

Fl3

E I1

which is positive, as it is in the direction of F.

For B, a fictitious force Qi is necessary at the point. Assuming Qi acts down at B,

and x is as before, the moment equation is

M = −Fx 0 ≤ x ≤ l/2

M = −Fx − Qi

(

x − l

2

)

l/2 ≤ x ≤ l
(3)

For Eq. (4–25), we need ∂M/∂ Qi . From Eq. (3),

∂M

∂ Qi

= 0 0 ≤ x ≤ l/2

∂M

∂ Qi

= −
(

x − l

2

)

l/2 ≤ x ≤ l

(4)

Once the derivative is taken, Qi can be set to zero, so from Eq. (3), M = −Fx for

0 ≤ x ≤ l , and Eq. (4–25) becomes

δB =
[∫ l

0

1

E I

(

M
∂M

∂ Qi

)

dx

]

Qi =0

= 1

E I1

∫ l/2

0

(−Fx)(0)dx + 1

E(2I1)

∫ l

l/2

(−Fx)

[

−
(

x − l

2

)]

dx

Evaluating the last integral gives

Answer δB = F

2E I1

(

x3

3
− lx2

4

)

∣

∣

∣

∣

∣

l

l/2

= 5

96

Fl3

E I1

which again is positive, in the direction of Qi .

EXAMPLE 4–12 For the wire form of diameter d shown in Fig. 4–11a, determine the deflection of point

B in the direction of the applied force F (neglect the effect of bending shear).

Solution It is very important to include the loading effects on all parts of the structure. Coordinate

systems are not important, but loads must be consistent with the problem. Thus
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appropriate use of free-body diagrams is essential here. The reader should verify that the

reactions as functions of F in elements BC , C D, and G D are as shown in Fig. 4–11b.

The deflection of B in the direction of F is given by

δB = ∂U

∂ F

so the partial derivatives in Eqs. (4–23) to (4–25) will all be taken with respect to F.

Element BC is in bending only so from Eq. (4–25),5

∂UBC

∂ F
= 1

E I

∫ a

0

(−Fy)(−y) dy = Fa3

3E I
(1)

Element C D is in bending and in torsion. The torsion is constant so Eq. (4–24) can be

written as

∂U

∂ Fi

=
(

T
∂T

∂ Fi

)

l

G J

5It is very tempting to mix techniques and try to use superposition also, for example. However, some subtle

things can occur that you may visually miss. It is highly recommended that if you are using Castigliano’s

theorem on a problem, you use it for all parts of the problem.

Figure 4–11

B

G

x

y

F

a

C
b

c

D

z

(a)

(b)

F

F

G

MG1 = MD1 = Fa

MG2 = MD2 = Fb

MC = Fa C

D

C

B

F

F

F

F

D

MD1 = TD = Fa

TC = MC = Fa

TD = TC = Fa

MD2 = MD = Fb

MD = Fb
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where l is the length of the member. So for the torsion in member CD, Fi = F, T = Fa,

and l = b. Thus,
(

∂UCD

∂ F

)

torsion

= (Fa)(a)
b

G J
= Fa2b

G J
(2)

For the bending in CD,
(

∂UCD

∂ F

)

bending

= 1

E I

∫ b

0

(−Fx)(−x) dx = Fb3

3E I
(3)

Member DG is axially loaded and is bending in two planes. The axial loading is

constant, so Eq. (4–23) can be written as

∂U

∂ Fi

=
(

F
∂ F

∂ Fi

)

l

AE

where l is the length of the member. Thus, for the axial loading of DG , F = Fi , l = c,

and
(

∂UDG

∂ F

)

axial

= Fc

AE
(4)

The bending moments in each plane of DG are constant along the length of My = Fb

and Mx = Fa. Considering each one separately in the form of Eq. (4–25) gives
(

∂UDG

∂ F

)

bending

= 1

E I

∫ c

0

(Fb)(b) dz + 1

E I

∫ c

0

(Fa)(a) dz

= Fc(a2 + b2)

E I

(5)

Adding Eqs. (1) to (5), noting that I = πd4/64, J = 2I, A = πd2/4, and G =
E/[2(1 + ν)], we find that the deflection of B in the direction of F is

Answer (δB)F = 4F

3π Ed4
[16(a3 + b3) + 48c(a2 + b2) + 48(1 + ν)a2b + 3cd2]

Now that we have completed the solution, see if you can physically account for each

term in the result.

4–9 Deflection of Curved Members
Machine frames, springs, clips, fasteners, and the like frequently occur as curved

shapes. The determination of stresses in curved members has already been described in

Sec. 3–18. Castigliano’s theorem is particularly useful for the analysis of deflections in

curved parts too. Consider, for example, the curved frame of Fig. 4–12a. We are inter-

ested in finding the deflection of the frame due to F and in the direction of F . The total

strain energy consists of four terms, and we shall consider each separately. The first is

due to the bending moment and is6

6 See Richard G. Budynas, Advanced Strength and Applied Stress Analysis, 2nd ed., Sec. 6.7, McGraw-Hill,

New York, 1999.
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U1 =
∫

M2 dθ

2AeE
(4–26)

In this equation, the eccentricity e is

e = R − rn (4–27)

where rn is the radius of the neutral axis as defined in Sec. 3–18 and shown in Fig. 3–34.

An approximate result can be obtained by using the equation

U1
.=
∫

M2 R dθ

2E I

R

h
> 10 (4–28)

which is obtained directly from Eq. (4–18). Note the limitation on the use of Eq. (4–28).

The strain energy component due to the normal force Fθ consists of two parts, one

of which is axial and analogous to Eq. (4–15). This part is

U2 =
∫

F2
θ R dθ

2AE
(4–29)

The force Fθ also produces a moment, which opposes the moment M in Fig. 4–12b. The

resulting strain energy will be subtractive and is

U3 = −
∫

M Fθ dθ

AE
(4–30)

The negative sign of Eq. (4–30) can be appreciated by referring to both parts of

Fig. 4–12. Note that the moment M tends to decrease the angle dθ . On the other hand,

the moment due to Fθ tends to increase dθ . Thus U3 is negative. If Fθ had been acting

in the opposite direction, then both M and Fθ would tend to decrease the angle dθ .

The fourth and last term is the shear energy due to Fr . Adapting Eq. (4–19) gives

U4 =
∫

C F2
r R dθ

2AG
(4–31)

where C is the correction factor of Table 4–1.

Combining the four terms gives the total strain energy

U =
∫

M2 dθ

2AeE
+
∫

F2
θ R dθ

2AE
−
∫

M Fθ dθ

AE
+
∫

C F2
r R dθ

2AG
(4–32)

Figure 4–12

(a) Curved bar loaded by force F. R = radius to centroidal axis of section;
h = section thickness. (b) Diagram showing forces acting on section taken at
angle θ. F r = V = shear component of F; F θ is component of F normal to
section; M is moment caused by force F.
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The deflection produced by the force F can now be found. It is

δ = ∂U

∂ F
=
∫ π

0

M

AeE

(

∂M

∂ F

)

dθ +
∫ π

0

Fθ R

AE

(

∂ Fθ

∂ F

)

dθ

−
∫ π

0

1

AE

∂(M Fθ )

∂ F
dθ +

∫ π

0

C Fr R

AG

(

∂ Fr

∂ F

)

dθ (4–33)

Using Fig. 4–12b, we find

M = F R sin θ
∂M

∂ F
= R sin θ

Fθ = F sin θ
∂ Fθ

∂ F
= sin θ

MFθ = F2 R sin2 θ
∂M Fθ

∂ F
= 2F R sin2 θ

Fr = F cos θ
∂ Fr

∂ F
= cos θ

Substituting these into Eq. (4–33) and factoring yields

δ = F R2

AeE

∫ π

0

sin2 θ dθ + F R

AE

∫ π

0

sin2 θ dθ − 2F R

AE

∫ π

0

sin2 θ dθ

+ C F R

AG

∫ π

0

cos2 θ dθ

= π F R2

2AeE
+ π F R

2AE
− π F R

AE
+ πC F R

2AG
= π F R2

2AeE
− π F R

2AE
+ πC F R

2AG
(4–34)

Because the first term contains the square of the radius, the second two terms will be

small if the frame has a large radius. Also, if R/h > 10, Eq. (4–28) can be used. An

approximate result then turns out to be

δ
.= π F R3

2E I
(4–35)

The determination of the deflection of a curved member loaded by forces at right

angles to the plane of the member is more difficult, but the method is the same.7 We

shall include here only one of the more useful solutions to such a problem, though the

methods for all are similar. Figure 4–13 shows a cantilevered ring segment having a

span angle φ. Assuming R/h > 10, the strain energy neglecting direct shear, is

obtained from the equation

U =
∫ φ

0

M2 R dθ

2E I
+
∫ φ

0

T 2 R dθ

2G J
(4–36)

7For more solutions than are included here, see Joseph E. Shigley, “Curved Beams and Rings,” Chap. 38 in

Joseph E. Shigley, Charles R. Mischke, and Thomas H. Brown, Jr. (eds.), Standard Handbook of Machine

Design, 3rd ed., McGraw-Hill, New York, 2004.

Figure 4–13

Ring ABC in the xy plane
subject to force F parallel to
the z axis. Corresponding to
a ring segment CB at angle θ
from the point of application
of F, the moment axis is a line
BO and the torque axis is a
line in the xy plane tangent to
the ring at B. Note the positive
directions of the T and M
axes.

+

+
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The moments and torques acting on a section at B, due to the force F, are

M = F R sin θ T = F R(1 − cos θ)

The deflection δ of the ring segment at C and in the direction of F is then found to be

δ = ∂U

∂ F
= F R3

2

(

α

E I
+ β

G J

)

(4–37)

where the coefficients α and β are dependent on the span angle φ and are defined as

follows:

α = φ − sin φ cos φ (4–38)

β = 3φ − 4 sin φ + sin φ cos φ (4–38)

where φ is in radians.

EXAMPLE 4–13 Deflection in a Variable-Cross-Section Punch-Press Frame

The general result expressed in Eq. (4–34),

δ = π F R2

2AeE
− π F R

2AE
+ πC F R

2AG

is useful in sections that are uniform and in which the centroidal locus is circular. The

bending moment is largest where the material is farthest from the load axis.

Strengthening requires a larger second area moment I. A variable-depth cross section is

attractive, but it makes the integration to a closed form very difficult. However, if you

are seeking results, numerical integration with computer assistance is helpful.

Consider the steel C frame depicted in Fig. 4–14a in which the centroidal radius is

32 in, the cross section at the ends is 2 in × 2 in, and the depth varies sinusoidally with

an amplitude of 2 in. The load is 1000 lbf. It follows that C = 1.2, G = 11.5(106) psi,

E = 30(106) psi. The outer and inner radii are

Rout = 33 + 2sin θ Rin = 31 − 2sin θ

The remaining geometrical terms are

h = Rout − Rin = 2(1 + 2 sin θ)

A = bh = 4(1 + 2 sin θ

rn = h

ln[(R + h/2)/(R − h/2)]
= 2(1 + 2 sin θ)

ln[(33 + 2 sin θ)/(31 − 2 sin θ)]
1

e = R − rn = 32 − rn

Note that

M = F R sin θ ∂M/∂F = R sin θ

Fθ = F sin θ ∂ Fθ/∂F = sin θ

M Fθ = F2 R sin2 θ ∂M Fθ/∂F = 2F R sin2 θ

Fr = F cos θ ∂ Fr/∂F = cos θ
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Substitution of the terms into Eq. (4–33) yields three inteqrals

δ = I1 + I2 + I3 (1)

where the integrals are

I1 = 8.5333(10−3)

∫ π

0

sin2 θ dθ

(1 + 2 sin θ)









32 − 2(1 + 2 sin θ)

ln

(

33 + 2 sin θ

31 − 2 sin θ

)









(2)

I2 = −2.6667(10−4)

∫ π

0

sin2 θ dθ

1 + 2 sin θ
(3)

I3 = 8.3478(10−4)

∫ π

0

cos2 θ dθ

1 + 2 sin θ
(4)

The integrals may be evaluated in a number of ways: by a program using Simpson’s

rule integration,8 by a program using a spreadsheet, or by mathematics software. Using

MathCad and checking the results with Excel gives the integrals as I1 = 0.076 615,

I2 = −0.000 159, and I3 = 0.000 773. Substituting these into Eq. (1) gives

Answer δ = 0.077 23 in

Finite-element (FE) programs are also very accessible. Figure 4–14b shows a

simple half-model, using symmetry, of the press consisting of 216 plane-stress (2-D)

elements. Creating the model and analyzing it to obtain a solution took minutes.

Doubling the results from the FE analysis yielded δ = 0.07790 in, a less than 1 percent

variation from the results of the numerical integration.

8See Case Study 4, p. 203, J. E. Shigley and C. R. Mischke, Mechanical Engineering Design, 6th ed.,

McGraw-Hill, New York, 2001.

Figure 4–14

(a) A steel punch press has a
C frame with a varying-depth
rectangular cross section
depicted. The cross section
varies sinusoidally from
2 in × 2 in at θ = 0◦ to
2 in × 6 in at θ = 90◦, and
back to 2 in × 2 in at
θ = 180◦. Of immediate
interest to the designer is the
deflection in the load axis
direction under the load.
(b) Finite-element model. 

	

1000 lbf

1000 lbf31- in R

(a) (b)

1000 lbf
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4–10 Statically Indeterminate Problems
A system in which the laws of statics are not sufficient to determine all the unknown

forces or moments is said to be statically indeterminate. Problems of which this is true

are solved by writing the appropriate equations of static equilibrium and additional

equations pertaining to the deformation of the part. In all, the number of equations must

equal the number of unknowns.

A simple example of a statically indeterminate problem is furnished by the nested

helical springs in Fig. 4–15a. When this assembly is loaded by the compressive force

F, it deforms through the distance δ. What is the compressive force in each spring?

Only one equation of static equilibrium can be written. It is

∑

F = F − F1 − F2 = 0 (a)

which simply says that the total force F is resisted by a force F1 in spring 1 plus the

force F2 in spring 2. Since there are two unknowns and only one equation, the system

is statically indeterminate.

To write another equation, note the deformation relation in Fig. 4–15b. The two

springs have the same deformation. Thus, we obtain the second equation as

δ1 = δ2 = δ (b)

If we now substitute Eq. (4–2) in Eq. (b), we have

F1

k1

= F2

k2

(c)

Now we solve Eq. (c) for F1 and substitute the result in Eq. (a). This gives

F − k1

k2

F2 − F2 = 0 or F2 = k2 F

k1 + k2

(d)

This completes the solution, because with F2 known, F1 can be found from Eq. (c).

Figure 4–15

(a)

(b)

k1 k2

F1 F2

F

k2
k1

�

�
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Figure 4–16

x
O
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B
l
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y y

l

(a)

x
O
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R1
M1

F

B

R2

(b)

x̂

In the spring example, obtaining the necessary deformation equation was very

straightforward. However, for other situations, the deformation relations may not be as

easy. A more structured approach may be necessary. Here we will show two basic pro-

cedures for general statically indeterminate problems.

Procedure 1

1 Choose the redundant reaction(s). There may be alternative choices (See Example

4–14).

2 Write the equations of static equilibrium for the remaining reactions in terms of

the applied loads and the redundant reaction(s) of step 1.

3 Write the deflection equation(s) for the point(s) at the locations of the redundant

reaction(s) of step 1 in terms of the applied loads and the redundant reaction(s)

of step 1. Normally the deflection(s) is (are) zero. If a redundant reaction is a

moment, the corresponding deflection equation is a rotational deflection equation.

4 The equations from steps 2 and 3 can now be solved to determine the reactions.

In step 3 the deflection equations can be solved in any of the standard ways. Here we will

demonstrate the use of superposition and Castigliano’s theorem on a beam problem.

EXAMPLE 4–14 The indeterminate beam of Appendix Table A–9–11 is reproduced in Fig. 4–16.

Determine the reactions using procedure 1.

Solution The reactions are shown in Fig. 4–16b. Without R2 the beam is a statically determinate

cantilever beam. Without M1 the beam is a statically determinate simply supported

beam. In either case, the beam has only one redundant support. We will first solve this

problem using superposition, choosing R2 as the redundant reaction. For the second

solution, we will use Castigliano’s theorem with M1 as the redundant reaction.

Solution 1 1 Choose R2 at B to be the redundant reaction.

2 Using static equilibrium equations solve for R1 and M1 in terms of F and R2.

This results in

R1 = F − R2 M1 = Fl

2
− R2l (1)

3 Write the deflection equation for point B in terms of F and R2. Using

superposition of Table A–9–1 with F = −R2, and Table A–9–2 with a = l/2,

the deflection of B, at x = l, is

δB = − R2l2

6E I
(l − 3l) + F(l/2)2

6E I

(

l

2
− 3l

)

= R2l3

3E I
− 5Fl3

48E I
= 0 (2)



Budynas−Nisbett: Shigley’s 

Mechanical Engineering 

Design, Eighth Edition

I. Basics 4. Deflection and Stiffness174 © The McGraw−Hill 

Companies, 2008

170 Mechanical Engineering Design

4 Equation (2) can be solved for R2 directly. This yields

Answer R2 = 5F

16
(3)

Next, substituting R2 into Eqs. (1) completes the solution, giving

Answer R1 = 11F

16
M1 = 3Fl

16
(4)

Note that the solution agrees with what is given in Table A–9–11.

Solution 2 1 Choose M1 at O to be the redundant reaction.

2 Using static equilibrium equations solve for R1 and R2 in terms of F and M1.

This results in 

R1 = F

2
+ M1

l
R2 = F

2
− M1

l
(5)

3 Since M1 is the redundant reaction at O, write the equation for the angular

deflection at point O. From Castigliano’s theorem this is

θO = ∂U

∂M1

(6)

We can apply Eq. (4–25), using the variable x as shown in Fig. 4–16b. However, sim-

pler terms can be found by using a variable x̂ that starts at B and is positive to the left.

With this and the expression for R2 from Eq. (5) the moment equations are

M =
(

F

2
− M1

l

)

x̂ 0 ≤ x̂ ≤ l

2
(7)

M =
(

F

2
− M1

l

)

x̂ − F

(

x̂ − l

2

)

l

2
≤ x̂ ≤ l (8)

For both equations

∂M

∂M1

= − x̂

l
(9)

Substituting Eqs. (7) to (9) in Eq. (6), using the form of Eq. (4–25) where Fi = M1, gives

θO = ∂U

∂M1

= 1

E I

{∫ l/2

0

(

F

2
− M1

l

)

x̂

(

− x̂

l

)

dx̂ +
∫ l

l/2

[(

F

2
− M1

l

)

x̂

− F

(

x̂ − l

2

)](

− x̂

l

)

dx̂

}

= 0

Canceling 1/E Il, and combining the first two integrals, simplifies this quite readily to
(

F

2
− M1

l

)∫ l

0

x̂2 dx̂− F

∫ l

l/2

(

x̂ − l

2

)

x̂ d x̂ = 0

Integrating gives
(

F

2
− M1

l

)

l3

3
− F

3

[

l3 −
(

l

2

)3]

+ Fl

4

[

l2 −
(

l

2

)2]

= 0
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(b) Free-body diagram of beam ABC

which reduces to

M1 = 3Fl

16
(10)

4 Substituting Eq. (10) into (5) results in

R1 = 11F

16
R2 = 5F

16
(11)

which again agrees with Table A–9–11.

For some problems even procedure 1 can be a task. Procedure 2 eliminates some

tricky geometric problems that would complicate procedure 1. We will describe the pro-

cedure for a beam problem.

Procedure 2

1 Write the equations of static equilibrium for the beam in terms of the applied

loads and unknown restraint reactions.

2 Write the deflection equation for the beam in terms of the applied loads and

unknown restraint reactions.

3 Apply boundary conditions consistent with the restraints.

4 Solve the equations from steps 1 and 3.

EXAMPLE 4–15 The rods AD and C E shown in Fig. 4–17a each have a diameter of 10 mm. The second-

area moment of beam ABC is I = 62.5(103) mm4. The modulus of elasticity of the

material used for the rods and beam is E = 200 GPa. The threads at the ends of the rods

are single-threaded with a pitch of 1.5 mm. The nuts are first snugly fit with bar ABC

horizontal. Next the nut at A is tightened one full turn. Determine the resulting tension

in each rod and the deflections of points A and C.

Solution There is a lot going on in this problem; a rod shortens, the rods stretch in tension, and

the beam bends. Let’s try the procedure!

1 The free-body diagram of the beam is shown in Fig. 4–17b. Summing forces,

and moments about B, gives

FB − FA − FC = 0 (1)

4FA − 3FC = 0 (2)

Figure 4–17

Dimensions in mm.
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2 Using singularity functions, we find the moment equation for the beam is

M = −FAx + FB 〈x − 0.2〉1

where x is in meters. Integration yields

E I
dy

dx
= − FA

2
x2 + FB

2
〈x − 0.2〉2 + C1

E I y = − FA

6
x3 + FB

6
〈x − 0.2〉3 + C1x + C2 (3)

The term E I = 200(109) 62.5(10−9) = 1.25(104) N · m2 .

3 The upward deflection of point A is (Fl/AE)AD − N p, where the first term

is the elastic stretch of AD, N is the number of turns of the nut, and p is the

pitch of the thread. Thus, the deflection of A is

yA = FA(0.6)
π

4
(0.010)2(200)(109)

− (1)(0.0015)

= 3.8197(10−8)FA − 1.5(10−3)

(4)

The upward deflection of point C is (Fl/AE)C E , or

yC = FC(0.8)
π

4
(0.010)2(200)(109)

= 5.093(10−8)FC (5)

Equations (4) and (5) will now serve as the boundary conditions for Eq. (3). At

x = 0, y = yA. Substituting Eq. (4) into (3) with x = 0 and E I = 1.25(104), noting

that the singularity function is zero for x = 0, gives

−4.7746(10−4)FA + C2 = −18.75 (6)

At x = 0.2 m, y = 0, and Eq. (3) yields

−1.3333(10−3)FA + 0.2C1 + C2 = 0 (7)

At x = 0.35 m, y = yC . Substituting Eq. (5) into (3) with x = 0.35 m and E I =
1.25(104) gives

−7.1458(10−3)FA + 5.625(10−4)FB − 6.3662(10−4)FC + 0.35C1 + C2 = 0 (8)

Equations (1), (2), (6), (7), and (8) are five equations in FA, FB, FC , C1, and C2.

Written in matrix form, they are











−1 1 −1 0 0

4 0 −3 0 0

−4.7746(10−4) 0 0 0 1

−1.3333(10−3) 0 0 0.2 1

−7.1458(10−3) 5.625(10−4) −6.3662(10−4) 0.35 1

































FA

FB

FC

C1

C2























=























0

0

−18.75

0

0























Solving these equations yields

Answer FA = 2988 N FB = 6971 N FC = 3983 N

C1 = 106.54 N · m2 C2 = −17.324 N · m3
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Equation (3) can be reduced to

y = −(39.84x3 − 92.95〈x − 0.2〉3 − 8.523x + 1.386)(10−3)

Answer At x = 0, y = yA = −1.386(10−3) m = −1.386 mm.

Answer At x = 0.35 m, y = yC = −[39.84(0.35)3 − 92.95(0.35 − 0.2)3 − 8.523(0.35)

+ 1.386](10−3) = 0.203(10−3) m = 0.203 mm

9See F. P. Beer, E. R. Johnston, Jr., and J. T. DeWolf, Mechanics of Materials, 4th ed., McGraw-Hill,

New York, 2006, pp. 610–613.

Note that we could have easily incorporated the stiffness of the support at B if we

were given a spring constant.

4–11 Compression Members—General
The analysis and design of compression members can differ significantly from that of

members loaded in tension or in torsion. If you were to take a long rod or pole, such as

a meterstick, and apply gradually increasing compressive forces at each end, nothing

would happen at first, but then the stick would bend (buckle), and finally bend so much

as to fracture. Try it. The other extreme would occur if you were to saw off, say, a 5-mm

length of the meterstick and perform the same experiment on the short piece. You would

then observe that the failure exhibits itself as a mashing of the specimen, that is, a

simple compressive failure. For these reasons it is convenient to classify compression

members according to their length and according to whether the loading is central or

eccentric. The term column is applied to all such members except those in which fail-

ure would be by simple or pure compression. Columns can be categorized then as:

1 Long columns with central loading

2 Intermediate-length columns with central loading

3 Columns with eccentric loading

4 Struts or short columns with eccentric loading

Classifying columns as above makes it possible to develop methods of analysis and

design specific to each category. Furthermore, these methods will also reveal whether or

not you have selected the category appropriate to your particular problem. The four

sections that follow correspond, respectively, to the four categories of columns listed above.

4–12 Long Columns with Central Loading
Figure 4–18 shows long columns with differing end (boundary) conditions. If the axial

force P shown acts along the centroidal axis of the column, simple compression of the

member occurs for low values of the force. However, under certain conditions, when P

reaches a specific value, the column becomes unstable and bending as shown in Fig.

4–18 develops rapidly. This force is determined by writing the bending deflection equa-

tion for the column, resulting in a differential equation where when the boundary con-

ditions are applied, results in the critical load for unstable bending.9 The critical force

for the pin-ended column of Fig. 4–18a is given by

Pcr = π2 E I

l2
(4–39)
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which is called the Euler column formula. Equation (4–39) can be extended to apply to

other end-conditions by writing

Pcr = Cπ2 E I

l2
(4–40)

where the constant C depends on the end conditions as shown in Fig. 4–18.

Using the relation I = Ak2, where A is the area and k the radius of gyration,

enables us to rearrange Eq. (4–40) into the more convenient form

Pcr

A
= Cπ2 E

(l/k)2
(4–41)

where l/k is called the slenderness ratio. This ratio, rather than the actual column

length, will be used in classifying columns according to length categories.

The quantity Pcr/A in Eq. (4–41) is the critical unit load. It is the load per unit area

necessary to place the column in a condition of unstable equilibrium. In this state any

small crookedness of the member, or slight movement of the support or load, will cause

the column to begin to collapse. The unit load has the same units as strength, but this is

the strength of a specific column, not of the column material. Doubling the length of a

member, for example, will have a drastic effect on the value of Pcr/A but no effect at

all on, say, the yield strength Sy of the column material itself.

Equation (4–41) shows that the critical unit load depends only upon the modulus

of elasticity and the slenderness ratio. Thus a column obeying the Euler formula made

of high-strength alloy steel is no stronger than one made of low-carbon steel, since E is

the same for both.

The factor C is called the end-condition constant, and it may have any one of the

theoretical values 1
4
, 1, 2, and 4, depending upon the manner in which the load is

applied. In practice it is difficult, if not impossible, to fix the column ends so that the

factor C = 2 or C = 4 would apply. Even if the ends are welded, some deflection will

occur. Because of this, some designers never use a value of C greater than unity.

However, if liberal factors of safety are employed, and if the column load is accurately

known, then a value of C not exceeding 1.2 for both ends fixed, or for one end rounded

and one end fixed, is not unreasonable, since it supposes only partial fixation. Of course,

the value C = 1
4

must always be used for a column having one end fixed and one end

free. These recommendations are summarized in Table 4–2.

Figure 4–18

(a) Both ends rounded or
pivoted; (b) both ends fixed;
(c) one end free and one end
fixed; (d ) one end rounded
and pivoted, and one end
fixed.

(a) C � 1 (b) C � 4 (c) C �
1

4

A

B

P

l
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l

4

l

4
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When Eq. (4–41) is solved for various values of the unit load Pcr/A in terms of the

slenderness ratio l/k, we obtain the curve PQR shown in Fig. 4–19. Since the yield

strength of the material has the same units as the unit load, the horizontal line through

Sy and Q has been added to the figure. This would appear to make the figure cover the

entire range of compression problems from the shortest to the longest compression

member. Thus it would appear that any compression member having an l/k value less

than (l/k)Q should be treated as a pure compression member while all others are to be

treated as Euler columns. Unfortunately, this is not true.

In the actual design of a member that functions as a column, the designer will be

aware of the end conditions shown in Fig. 4–18, and will endeavor to configure the ends,

using bolts, welds, or pins, for example, so as to achieve the required ideal end condi-

tions. In spite of these precautions, the result, following manufacture, is likely to contain

defects such as initial crookedness or load eccentricities. The existence of such defects

and the methods of accounting for them will usually involve a factor-of-safety approach

or a stochastic analysis. These methods work well for long columns and for simple

compression members. However, tests show numerous failures for columns with

slenderness ratios below and in the vicinity of point Q, as shown in the shaded area in

Fig. 4–19. These have been reported as occurring even when near-perfect geometric

specimens were used in the testing procedure.

A column failure is always sudden, total, unexpected, and hence dangerous. There

is no advance warning. A beam will bend and give visual warning that it is overloaded,

but not so for a column. For this reason neither simple compression methods nor the

Table 4–2

End-Condition Constants

for Euler Columns [to Be

Used with Eq. (4–40)]

End-Condition Constant C

Column End Theoretical Conservative Recommended
Conditions Value Value Value*

Fixed-free 1

4

1

4

1

4

Rounded-rounded 1 1 1

Fixed-rounded 2 1 1.2

Fixed-fixed 4 1 1.2

*To be used only with liberal factors of safety when the column load is accurately known.

Figure 4–19

Euler curve plotted using
Eq. (4–40) with C = 1.
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Euler column equation should be used when the slenderness ratio is near (l/k)Q . Then

what should we do? The usual approach is to choose some point T on the Euler curve

of Fig. 4–19. If the slenderness ratio is specified as (l/k)1 corresponding to point T,

then use the Euler equation only when the actual slenderness ratio is greater than

(l/k)1.. Otherwise, use one of the methods in the sections that follow. See Examples

4–17 and 4–18.

Most designers select point T such that Pcr/A = Sy/2. Using Eq. (4–40), we find

the corresponding value of (l/k)1 to be

(

l

k

)

1

=
(

2π2C E

Sy

)1/2

(4–42)

4–13 Intermediate-Length Columns with Central Loading
Over the years there have been a number of column formulas proposed and used for the

range of l/k values for which the Euler formula is not suitable. Many of these are based

on the use of a single material; others, on a so-called safe unit load rather than the crit-

ical value. Most of these formulas are based on the use of a linear relationship between

the slenderness ratio and the unit load. The parabolic or J. B. Johnson formula now

seems to be the preferred one among designers in the machine, automotive, aircraft, and

structural-steel construction fields.

The general form of the parabolic formula is

Pcr

A
= a − b

(

l

k

)2

(a)

where a and b are constants that are evaluated by fitting a parabola to the Euler curve

of Fig. 4–19 as shown by the dashed line ending at T . If the parabola is begun at Sy ,

then a = Sy . If point T is selected as previously noted, then Eq. (a) gives the value of

(l/k)1 and the constant b is found to be

b =
(

Sy

2π

)2
1

C E
(b)

Upon substituting the known values of a and b into Eq. (a), we obtain, for the parabolic

equation,

Pcr

A
= Sy −

(

Sy

2π

l

k

)2
1

C E

l

k
≤
(

l

k

)

1

(4–43)

4–14 Columns with Eccentric Loading
We have noted before that deviations from an ideal column, such as load eccentricities

or crookedness, are likely to occur during manufacture and assembly. Though these

deviations are often quite small, it is still convenient to have a method of dealing with

them. Frequently, too, problems occur in which load eccentricities are unavoidable.

Figure 4–20a shows a column in which the line of action of the column forces is

separated from the centroidal axis of the column by the eccentricity e. This problem is

developed by using Eq. (4–12) and the free-body diagram of Fig. 4–20b.
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This results in the differential equation

d2 y

dx2
+ P

E I
y = − Pe

E I
(a)

The solution of Eq. (a), for the boundary conditions that y � 0 at x � 0, l is

(b)

By substituting x = l/2 in Eq. (b) and using a trigonometric identity, we obtain

(4–44)

The maximum bending moment also occurs at midspan and is

Mmax = −P(e + δ) = −Pe sec

(

l

2

√

P

E I

)

(4–45)

The magnitude of the maximum compressive stress at midspan is found by superposing

the axial component and the bending component. This gives

σc = P

A
− Mc

I
= P

A
− Mc

Ak2
(c)

Substituting Mmax from Eq. (4–45) yields

σc = P

A

[

1 + ec

k2
sec

(

l

2k

√

P

E A

)]

(4–46)

By imposing the compressive yield strength Syc as the maximum value of σc, we can

write Eq. (4–46) in the form

P

A
= Syc

1 + (ec/k2) sec[(l/2k)
√

P/AE]
(4–47)

This is called the secant column formula. The term ec/k2 is called the eccentricity

ratio. Figure 4–21 is a plot of Eq. (4–47) for a steel having a compressive (and tensile)

   � e[sec( ) � 1]2

l

EI

P
	

y � e[tan( l )sin( x) � cos( x) � 1]2 EI

P

EI

P

EI

P

�

Pe

P

P

P

M

P
y y

y

e

A

O

l

x

x
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x

Figure 4–20

Notation for an eccentrically
loaded column.
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yield strength of 40 kpsi. Note how the P/A contours asymptotically approach the

Euler curve as l/k increases.

Equation (4–47) cannot be solved explicitly for the load P . Design charts, in the

fashion of Fig. 4–21, can be prepared for a single material if much column design

is to be done. Otherwise, a root-finding technique using numerical methods must

be used.

EXAMPLE 4–16 Develop specific Euler equations for the sizes of columns having

(a) Round cross sections

(b) Rectangular cross sections

Solution (a) Using A = πd2/4 and k = √
I/A = [(πd4/64)/(πd2/4)]1/2 = d/4 with Eq. (4–41)

gives

Answer d =
(

64Pcrl
2

π3C E

)1/4

(4–48)

(b) For the rectangular column, we specify a cross section h × b with the

restriction that h ≤ b. If the end conditions are the same for buckling in both directions,

then buckling will occur in the direction of the least thickness. Therefore

I = bh3

12
A = bh k2 = I/A = h2

12

Substituting these in Eq. (4–41) gives

Answer b = 12Pcrl
2

π2C Eh3
(4–49)

Note, however, that rectangular columns do not generally have the same end conditions

in both directions.

Figure 4–21

Comparison of secant and
Euler equations for steel with
Sy = 40 kpsi.
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EXAMPLE 4–17 Specify the diameter of a round column 1.5 m long that is to carry a maximum load

estimated to be 22 kN. Use a design factor nd = 4 and consider the ends as pinned

(rounded). The column material selected has a minimum yield strength of 500 MPa and

a modulus of elasticity of 207 GPa.

Solution We shall design the column for a critical load of

Pcr = nd P = 4(22) = 88 kN

Then, using Eq. (4–48) with C = 1 (see Table 4–2) gives

d =
(

64Pcrl
2

π3C E

)1/4

=
[

64(88)(1.5)2

π3(1)(207)

]1/4 (
103

109

)1/4

(103) = 37.48 mm

Table A–17 shows that the preferred size is 40 mm. The slenderness ratio for this size is

l

k
= l

d/4
= 1.5(103)

40/4
= 150

To be sure that this is an Euler column, we use Eq. (5–48) and obtain
(

l

k

)

1

=
(

2π2C E

Sy

)1/2

=
[

2π2(1)(207)

500

]1/2 (
109

106

)1/2

= 90.4

which indicates that it is indeed an Euler column. So select

Answer d = 40 mm

EXAMPLE 4–18 Repeat Ex. 4–16 for J. B. Johnson columns.

Solution (a) For round columns, Eq. (4–43) yields

Answer d = 2

(

Pcr

π Sy

+ Syl2

π2C E

)1/2

(4–50)

(b) For a rectangular section with dimensions h ≤ b, we find

Answer b = Pcr

hSy

(

1 − 3l2Sy

π2C Eh2

) h ≤ b (4–51)

EXAMPLE 4–19 Choose a set of dimensions for a rectangular link that is to carry a maximum compres-

sive load of 5000 lbf. The material selected has a minimum yield strength of 75 kpsi

and a modulus of elasticity E = 30 Mpsi. Use a design factor of 4 and an end condi-

tion constant C = 1 for buckling in the weakest direction, and design for (a) a length

of 15 in, and (b) a length of 8 in with a minimum thickness of 1
2

in.
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Solution (a) Using Eq. (4–41), we find the limiting slenderness ratio to be

(

l

k

)

1

=
(

2π2C E

Sy

)1/2

=
[

2π2(1)(30)(106)

75(10)3

]1/2

= 88.9

By using Pcr = nd P = 4(5000) = 20 000 lbf, Eqs. (4–49) and (4–51) are solved, using

various values of h, to form Table 4–3. The table shows that a cross section of 5
8

by 3
4

in, which is marginally suitable, gives the least area.

(b) An approach similar to that in part (a) is used with l = 8 in. All trial computa-

tions are found to be in the J. B. Johnson region of l/k values. A minimum area occurs

when the section is a near square. Thus a cross section of 1
2

by 3
4

in is found to be suit-

able and safe.

180 Mechanical Engineering Design

Table 4–3

Table Generated to

Solve Ex. 4–19, part (a)

h b A l/k Type Eq. No.

0.375 3.46 1.298 139 Euler (4–49)

0.500 1.46 0.730 104 Euler (4–49)

0.625 0.76 0.475 83 Johnson (4–51)

0.5625 1.03 0.579 92 Euler (4–49)

4–15 Struts or Short Compression Members
A short bar loaded in pure compression by a force P acting along the centroidal axis

will shorten in accordance with Hooke’s law, until the stress reaches the elastic limit of

the material. At this point, permanent set is introduced and usefulness as a machine

member may be at an end. If the force P is increased still more, the material either

becomes “barrel-like” or fractures. When there is eccentricity in the loading, the elastic

limit is encountered at smaller loads.

A strut is a short compression member such as the one shown in Fig. 4–22. The

magnitude of the maximum compressive stress in the x direction at point B in an inter-

mediate section is the sum of a simple component P/A and a flexural component

Mc/I ; that is,

σc = P

A
+ Mc

I
= P

A
+ PecA

I A
= P

A

(

1 + ec

k2

)

(4–52)

where k = (I/A)1/2 and is the radius of gyration, c is the coordinate of point B, and e

is the eccentricity of loading. 

Note that the length of the strut does not appear in Eq. (4–52). In order to use the

equation for design or analysis, we ought, therefore, to know the range of lengths for

which the equation is valid. In other words, how long is a short member?

The difference between the secant formula Eq. (4–47) and Eq. (4–52) is that the

secant equation, unlike Eq. (4–52), accounts for an increased bending moment due to

bending deflection. Thus the secant equation shows the eccentricity to be magnified by

the bending deflection. This difference between the two formulas suggests that one way

Figure 4–22

Eccentrically loaded strut.
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of differentiating between a “secant column” and a strut, or short compression member,

is to say that in a strut, the effect of bending deflection must be limited to a certain small

percentage of the eccentricity. If we decide that the limiting percentage is to be 1 per-

cent of e, then, from Eq. (4–44), the limiting slenderness ratio turns out to be
(

l

k

)

2

= 0.282

(

AE

P

)1/2

(4–53)

This equation then gives the limiting slenderness ratio for using Eq. (4–52). If the actual

slenderness ratio is greater than (l/k)2, then use the secant formula; otherwise, use

Eq. (4–52).

EXAMPLE 4–20 Figure 4–23a shows a workpiece clamped to a milling machine table by a bolt tight-

ened to a tension of 2000 lbf. The clamp contact is offset from the centroidal axis of the

strut by a distance e = 0.10 in, as shown in part b of the figure. The strut, or block, is

steel, 1 in square and 4 in long, as shown. Determine the maximum compressive stress

in the block.

Solution First we find A = bh = 1(1) = 1 in2, I = bh3/12 = 1(1)3/12 = 0.0833 in4, k2 =
I/A = 0.0833/1 = 0.0833 in2, and l/k = 4/(0.0833)1/2 = 13.9. Equation (4–53)

gives the limiting slenderness ratio as
(

l

k

)

2

= 0.282

(

AE

P

)1/2

= 0.282

[

1(30)(106)

1000

]1/2

= 48.8

Thus the block could be as long as

l = 48.8k = 48.8(0.0833)1/2 = 14.1 in

before it need be treated by using the secant formula. So Eq. (4–52) applies and the

maximum compressive stress is

Answer σc = P

A

(

1 + ec

k2

)

= 1000

1

[

1 + 0.1(0.5)

0.0833

]

= 1600 psi
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P

P = 1000 lbf

(a) (b)

4 in

0.10 in

1-in square

Figure 4–23

A strut that is part of a
workpiece clamping assembly.
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4–16 Elastic Stability
Section 4–12 presented the conditions for the unstable behavior of long, slender

columns. Elastic instability can also occur in structural members other than columns.

Compressive loads/stresses within any long, thin structure can cause structural insta-

bilities (buckling). The compressive stress may be elastic or inelastic and the instability

may be global or local. Global instabilities can cause catastrophic failure, whereas local

instabilities may cause permanent deformation and function failure but not a cata-

strophic failure. The buckling discussed in Sec. 4–12 was global instability. However,

consider a wide flange beam in bending. One flange will be in compression, and if thin

enough, can develop localized buckling in a region where the bending moment is a

maximum. Localized buckling can also occur in the web of the beam, where transverse

shear stresses are present at the beam centroid. Recall, for the case of pure shear stress

τ , a stress transformation will show that at 45◦, a compressive stress of σ = −τ exists.

If the web is sufficiently thin where the shear force V is a maximum, localized buckling

of the web can occur. For this reason, additional support in the form of bracing is typi-

cally applied at locations of high shear forces.10

Thin-walled beams in bending can buckle in a torsional mode as illustrated in 

Fig. 4–24. Here a cantilever beam is loaded with a lateral force, F. As F is increases

from zero, the end of the beam will deflect in the negative y direction normally accord-

ing to the bending equation, y = −F L3/(3E I ). However, if the beam is long enough

and the ratio of b/h is sufficiently small, there is a critical value of F for which the beam

will collapse in a twisting mode as shown. This is due to the compression in the bottom

fibers of the beam which cause the fibers to buckle sideways (z direction).

There are a great many other examples of unstable structural behavior, such as thin-

walled pressure vessels in compression or with outer pressure or inner vacuum, thin-walled

open or closed members in torsion, thin arches in compression, frames in compression,

and shear panels. Because of the vast array of applications and the complexity of their

analyses, further elaboration is beyond the scope of this book. The intent of this section

is to make the reader aware of the possibilities and potential safety issues. The key issue

is that the designer should be aware that if any unbraced part of a structural member is

thin, and/or long, and in compression (directly or indirectly), the possibility of buckling

should be investigated.11
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Figure 4–24

Torsional buckling of a
thin-walled beam in bending.

Figure 4–25

Finite-element representation of
flange buckling of a channel
in compression.
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10See C. G. Salmon and J. E. Johnson, Steel Structures: Design and Behavior, 4th ed., Harper, Collins,

New York, 1996.

11See S. P. Timoshenko and J. M. Gere, Theory of Elastic Stability, 2nd ed., McGraw-Hill, New York, 1961.

See also, Z. P. Bazant and L. Cedolin, Stability of Structures, Oxford University Press, New York, 1991.
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For unique applications, the designer may need to revert to a numerical solution

such as using finite elements. Depending on the application and the finite-element code

available, an analysis can be performed to determine the critical loading (see Fig. 4–25).

4–17 Shock and Impact
Impact refers to the collision of two masses with initial relative velocity. In some cases

it is desirable to achieve a known impact in design; for example, this is the case in the

design of coining, stamping, and forming presses. In other cases, impact occurs because

of excessive deflections, or because of clearances between parts, and in these cases it is

desirable to minimize the effects. The rattling of mating gear teeth in their tooth spaces

is an impact problem caused by shaft deflection and the clearance between the teeth.

This impact causes gear noise and fatigue failure of the tooth surfaces. The clearance

space between a cam and follower or between a journal and its bearing may result in

crossover impact and also cause excessive noise and rapid fatigue failure.

Shock is a more general term that is used to describe any suddenly applied force or

disturbance. Thus the study of shock includes impact as a special case.

Figure 4–26 represents a highly simplified mathematical model of an automobile

in collision with a rigid obstruction. Here m1 is the lumped mass of the engine. The

displacement, velocity, and acceleration are described by the coordinate x1 and its

time derivatives. The lumped mass of the vehicle less the engine is denoted by m2, and

its motion by the coordinate x2 and its derivatives. Springs k1, k2, and k3 represent the

linear and nonlinear stiffnesses of the various structural elements that compose

the vehicle. Friction and damping can and should be included, but is not shown in this

model. The determination of the spring rates for such a complex structure will almost

certainly have to be performed experimentally. Once these values—the k’s, m’s, damping

and frictional coefficients—are obtained, a set of nonlinear differential equations can be

written and a computer solution obtained for any impact velocity.

Figure 4–27 is another impact model. Here mass m1 has an initial velocity v and is

just coming into contact with spring k1. The part or structure to be analyzed is repre-

sented by mass m2 and spring k2. The problem facing the designer is to find the

maximum deflection of m2 and the maximum force exerted by k2 against m2. In the

analysis it doesn’t matter whether k1 is fastened to m1 or to m2, since we are interested
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Figure 4–26

Two-degree-of-freedom
mathematical model of an
automobile in collision with a
rigid obstruction.
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Figure 4–27
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Figure 4–28

(a) A weight free to fall a
distance h to free end of a
beam. (b) Equivalent spring
model. (c) Free body of
weight during fall. (d ) Free
body of weight during arrest.

only in a solution up to the point in time for which x2 reaches a maximum. That is, the

solution for the rebound isn’t needed. The differential equations are not difficult to

derive. They are

m1 ẍ1 + k1(x1 − x2) = 0

m2 ẍ2 + k2x2 − k1(x1 − x2) = 0
(4–54)

The analytical solution of Eq. pair (4–54) is harmonic and is studied in a course on

mechanical vibrations.12 If the values of the m’s and k’s are known, the solution can be

obtained easily using a program such as MATLAB.

4–18 Suddenly Applied Loading
A simple case of impact is illustrated in Fig. 4–28a. Here a weight W falls a distance h

and impacts a cantilever of stiffness EI and length l. We want to find the maximum

deflection and the maximum force exerted on the beam due to the impact.

Figure 4–28b shows an abstract model of the system. Using Table A–9–1, we find

the spring rate to be k = F/y = 3E I/ l3. The beam mass and damping can be accounted

for, but for this example will be considered negligible. The origin of the coordinate y

corresponds to the point where the weight is released. Two free-body diagrams, shown

in Fig. 4–28c and d are necessary. The first corresponds to y ≤ h, and the second when

y > h to account for the spring force.

For each of these free-body diagrams we can write Newton’s law by stating that the

inertia force (W/g)ÿ is equal to the sum of the external forces acting on the weight. We

then have

W

g
ÿ = W y ≤ h

W

g
ÿ = −k(y − h) + W y > h

(a)

We must also include in the mathematical statement of the problem the knowledge that the

weight is released with zero initial velocity. Equation pair (a) constitutes a set of piecewise

differential equations. Each equation is linear, but each applies only for a certain range of y.

12See William T. Thomson and Marie Dillon Dahleh, Theory of Vibrations with Applications, Prentice Hall,

5th ed., 1998.
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The solution to the set is valid for all values of t, but we are interested in values of y only

up until the time that the spring or structure reaches its maximum deflection.

The solution to the first equation in the set is

y = gt2

2
y ≤ h (4–55)

and you can verify this by direct substitution. Equation (4–55) is no longer valid after

y = h; call this time t1. Then

t1 =
√

2h/g (b)

Differentiating Eq. (4–55) to get the velocity gives

ẏ = gt y ≤ h (c)

and so the velocity of the weight at t = t1 is

ẏ1 = gt1 = g
√

2h/g =
√

2gh (d)

Having moved from y = 0 to y = h, we then need to solve the second equation of

the set (a). It is convenient to define a new time t ′ = t − t1. Thus t ′ = 0 at the instant

the weight strikes the spring. Applying your knowledge of differential equations, you

should find the solution to be

y = A cos ωt ′ + B sin ωt ′ + h + W

k
y > h (e)

where

ω =
√

kg

W
(4–56)

is the circular frequency of vibration. The initial conditions for the beam motion at

t ′ = 0, are y = h and ẏ = ẏ1 =
√

2gh (neglecting the mass of the beam, the velocity is

the same as the weight at t ′ = 0). Substituting the initial conditions into Eq. (e) yields

A and B, and Eq. (e) becomes

y = −W

k
cos ωt ′ +

√

2W h

k
sin ωt ′ + h + W

k
y > h (f)

Let −W/k = C cos φ and
√

2W h/k = C sin φ , where it can be shown that

C = [(W/k)2 + 2W h/k]1/2 . Substituting this into Eq. ( f ) and using a trigonometric

identity gives

y =
[(

W

k

)2

+ 2W h

k

]1/2

cos[ωt ′ − φ] + h + W

k
y > h (4–57)

The maximum deflection of the spring (beam) occurs when the cosine term in

Eq. (4–57) is unity. We designate this as δ and, after rearranging, find it to be

δ = ymax − h = W

k
+ W

k

[

1 +
(

2hk

W

)]1/2

(4–58)

The maximum force acting on the beam is now found to be

F = kδ = W + W

[

1 +
(

2hk

W

)]1/2

(4–59)
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4–3 A torsion-bar spring consists of a prismatic bar, usually of round cross section, that is twisted

at one end and held fast at the other to form a stiff spring. An engineer needs a stiffer one than

usual and so considers building in both ends and applying the torque somewhere in the cen-

tral portion of the span, as shown in the figure. If the bar is uniform in diameter, that is, if

d = d1 = d2 , investigate how the allowable angle of twist, the largest torque, and the spring

rate depend on the location x at which the torque is applied. Hint: Consider two springs in

parallel.

Problem 4–2

Problem 4–3

Note, in this equation, that if h = 0, then F = 2W . This says that when the weight is

released while in contact with the spring but is not exerting any force on the spring, the

largest force is double the weight.

Most systems are not as ideal as those explored here, so be wary about using these

relations for nonideal systems.

PROBLEMS

4–1 Structures can often be considered to be composed of a combination of tension and torsion

members and beams. Each of these members can be analyzed separately to determine its

force-deflection relationship and its spring rate. It is possible, then, to obtain the deflection of

a structure by considering it as an assembly of springs having various series and parallel rela-

tionships.

(a) What is the overall spring rate of three springs in series?

(b) What is the overall spring rate of three springs in parallel?

(c) What is the overall spring rate of a single spring in series with a pair of parallel springs?

4–2 The figure shows a torsion bar O A fixed at O , simply supported at A, and connected to a can-

tilever AB . The spring rate of the torsion bar is kT , in newton-meters per radian, and that of the

cantilever is kC , in newtons per meter. What is the overall spring rate based on the deflection y at

point B?

L

O

A

R

B

F

l

y

x

l

T

d
1

d
2
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4–6 When a hoisting cable is long, the weight of the cable itself contributes to the elongation. If a

cable has a weight per unit length of w, a length of l , and a load P attached to the free end, show

that the cable elongation is

δ = Pl

AE
+ wl2

2AE

4–7 Use integration to verify the deflection equation given for the uniformly loaded cantilever beam

of appendix Table A–9–3.

4–8 Use integration to verify the deflection equation given for the end moment loaded cantilever beam

of appendix Table A–9–4.

4–9 When an initially straight beam sags under transverse loading, the ends contract because the

neutral surface of zero strain neither extends nor contracts. The length of the deflected neu-

tral surface is the same as the original beam length l . Consider a segment of the initially

straight beam �s . After bending, the x-direction component is shorter than �s , namely, �x .

The contraction is �s − �x , and these summed for the entire beam gives the end contraction λ.

Show that

λ
.= 1

2

∫ l

0

(

dy

dx

)2

dx

4–10 Using the results of Prob. 4–9, determine the end contraction of the uniformly loaded cantilever

beam of appendix Table A–9–3.

4–11 Using the results of Prob. 4–9, determine the end contraction of the uniformly loaded simply-

supported beam of appendix Table A–9–7. Assume the left support cannot deflect in the x direction,

whereas the right support can.

4–12 The figure shows a cantilever consisting of steel angles size 4 × 4 × 1
2

in mounted back to back.

Using superposition, find the deflection at B and the maximum stress in the beam.

4–4 An engineer is forced by geometric considerations to apply the torque on the spring of Prob. 4–3

at the location x = 0.2l . For a uniform-diameter spring, this would cause the long leg of the span

to be underutilized when both legs have the same diameter. If the diameter of the long leg is

reduced sufficiently, the shear stress in the two legs can be made equal. How would this change

affect the allowable angle of twist, the largest torque, and the spring rate?

4–5 A bar in tension has a circular cross section and includes a conical portion of length l , as

shown. The task is to find the spring rate of the entire bar. Equation (4–4) is useful for the

outer portions of diameters d1 and d2 , but a new relation must be derived for the tapered sec-

tion. If α is the apex half-angle, as shown, show that the spring rate of the tapered portion of

the shaft is

k = E A1

l

(

1 + 2l

d1

tan α

)

Problem 4–5

�

l

d
2

d
l
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4–15 A rectangular steel bar supports the two overhanging loads shown in the figure. Using superposition,

find the deflection at the ends and at the center.

4–13 A simply supported beam loaded by two forces is shown in the figure. Select a pair of struc-

tural steel channels mounted back to back to support the loads in such a way that the deflec-

tion at midspan will not exceed 1
16

in and the maximum stress will not exceed 6 kpsi. Use

superposition.

4–16 Using the formulas in Appendix Table A–9 and superposition, find the deflection of the cantilever

at B if I = 13 in4 and E = 30 Mpsi.

Problem 4–13
800 lbf

3 ft 2 ft 5 ft C
x

600 lbf

O

y

A B

Problem 4–14
2 kN/m

x

1500 N

O

y

A

B

400 mm 600 mm

40 mm-dia. shaft

Problem 4–15

Dimensions in millimeters.
x

O

y

C

250250

Bar, b = 9, h = 35

500 N500 N

B

500

A

Problem 4–12

x
B

A
O

7 ft

50 lbf/ft

10 ft

600 lbf

y

4–14 Using superposition, find the deflection of the steel shaft at A in the figure. Find the deflection at

midspan. By what percentage do these two values differ?
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4–17 The cantilever shown in the figure consists of two structural-steel channels size 3 in, 5.0 lbf/ft.

Using superposition, find the deflection at A.

Problem 4–18
120 lbf

x

85 lbf 85 lbf

O

y

A B C

D

10 in 10 in 10 in 10 in

2-in-dia. shaft

Problem 4–19

4 ft Section A–A

A

F

A h

b

Problem 4–16

y

O
A

B

x
3 ft 3 ft

400 lbf400 lbf

Problem 4–17

y

O A
x

220 lbf

48 in

10 lbf/in

4–18 Using superposition, determine the maximum deflection of the beam shown in the figure. The

material is carbon steel.

4–19 Illustrated is a rectangular steel bar with simple supports at the ends and loaded by a force F at

the middle; the bar is to act as a spring. The ratio of the width to the thickness is to be about

b = 16h, and the desired spring scale is 2400 lbf/in.

(a) Find a set of cross-section dimensions, using preferred sizes.

(b) What deflection would cause a permanent set in the spring if this is estimated to occur at a

normal stress of 90 kpsi?

4–20 Illustrated in the figure is a 1 1
2

-in-diameter steel countershaft that supports two pulleys. Pulley A

delivers power to a machine causing a tension of 600 lbf in the tight side of the belt and 80 lbf in
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the loose side, as indicated. Pulley B receives power from a motor. The belt tensions on pulley B

have the relation T1 = 0.125T2 . Find the deflection of the shaft in the z direction at pulleys A and

B. Assume that the bearings constitute simple supports.

(a) Find the deflection of the overhanging end of the shaft, assuming simple supports at the

bearings.

(b) If roller bearings are used, the slope of the shaft at the bearings should not exceed 0.06◦ for

good bearing life. What shaft diameter is needed to conform to this requirement? Use 1
8

-in

increments in any iteration you may make. What is the deflection at pulley C now?

4–22 The structure of a diesel-electric locomotive is essentially a composite beam supporting a

deck. Above the deck are mounted the diesel prime mover, generator or alternator, radiators,

switch gear, and auxiliaries. Beneath the deck are found fuel and lubricant tanks, air reser-

voirs, and small auxiliaries. This assembly is supported at bolsters by the trucks that house the

Problem 4–21

O

T
1 A

9 in

T
2

B

1 -in dia.

C

10-in dia.

16-in dia.

400 lbf

z

y

x

11 in

50 lbf

12 in

1

4

Problem 4–20

A

9-in dia.

80 lbf

600 lbf
z

15 in

21 in

12 in

O

T
1

T
2

y

C

B

12-in dia.

1 -in dia.

x

1

2

4–21 The figure shows a steel countershaft that supports two pulleys. Pulley C receives power from a

motor producing the belt tensions shown. Pulley A transmits this power to another machine

through the belt tensions T1 and T2 such that T1 = 8T2 .
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traction motors and brakes. This equipment is distributed as uniformly as possible in the span

between the bolsters. In an approximate way, the loading can be viewed as uniform between

the bolsters and simply supported. Because the hoods that shield the equipment from the

weather have many rectangular access doors, which are mass-produced, it is important that

the hood structure be level and plumb and sit on a flat deck. Aesthetics plays a role too. The

center sill beam has a second moment of area of I = 5450 in4 , the bolsters are 36 ft apart, and

the deck loading is 5000 lbf/ft.

(a) What is the camber of the curve to which the deck will be built in order that the service-ready

locomotive will have a flat deck?

(b) What equation would you give to locate points on the curve of part (a)?

4–23 The designer of a shaft usually has a slope constraint imposed by the bearings used. This limit

will be denoted as ξ . If the shaft shown in the figure is to have a uniform diameter d except in

the locality of the bearing mounting, it can be approximated as a uniform beam with simple sup-

ports. Show that the minimum diameters to meet the slope constraints at the left and right bear-

ings are, respectively,

dL =
∣

∣

∣

∣

∣

32Fb(l2 − b2)

3π Elξ

∣

∣

∣

∣

∣

1/4

dR =
∣

∣

∣

∣

∣

32Fa(l2 − a2)

3π Elξ

∣

∣

∣

∣

∣

1/4

4–24 A shaft is to be designed so that it is supported by roller bearings. The basic geometry is shown

in the figure. The allowable slope at the bearings is 0.001 mm/mm without bearing life penalty.

For a design factor of 1.28, what uniform-diameter shaft will support the 3.5-kN load 100 mm

from the left bearing without penalty? Use E = 207 GPa.

Problem 4–24

Dimensions in millimeters.

F = 3.5 kN

100

250

150

d

Problem 4–23

	

a b

l

F

F

y

x

4–25 Determine the maximum deflection of the shaft of Prob. 4–24.

4–26 For the shaft shown in the figure, let a1 = 4 in, b1 = 12 in, a2 = 10 in, F1 = 100 lbf, F2 = 300 lbf,

and E = 30 Mpsi. The shaft is to be sized so that the maximum slope at either bearing A or bear-

ing B does not exceed 0.001 rad. Determine a suitable diameter d.
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4–27 If the diameter of the beam for Prob. 4–26 is 1.375 in, determine the deflection of the beam at

x = 8 in.

4–28 See Prob. 4–26 and the accompanying figure. The loads and dimensions are F1 = 3.5 kN,

F2 = 2.7 kN, a1 = 100 mm, b1 = 150 mm, and a2 = 175 mm. Find the uniform shaft diameter

necessary to limit the slope at the bearings to 0.001 rad. Use a design factor of nd = 1.5 and

E = 207 Gpa.

4–29 Shown in the figure is a uniform-diameter shaft with bearing shoulders at the ends; the shaft is

subjected to a concentrated moment M = 1200 lbf · in. The shaft is of carbon steel and has a = 5

in and l = 9 in. The slope at the ends must be limited to 0.002 rad. Find a suitable diameter d.

4–30 The rectangular member O AB , shown in the figure, is held horizontal by the round hooked bar

AC. The modulus of elasticity of both parts is 10 Mpsi. Use superposition to find the deflection

at B due to a force F = 80 lbf.

Problem 4–30
12 in

2 in

6 in 12 in

-in thick F

B

C

x

y

O

-in dia.
1

2

1

4

A

Problem 4–26

x

y

z

B

F
1

A

F
2

a
2

b
2

b
1

a
1

Problem 4–29

l

a b

B

MB

4–31 The figure illustrates a torsion-bar spring O A having a diameter d = 12 mm. The actuating

cantilever AB also has d = 12 mm. Both parts are of carbon steel. Use superposition and find

the spring rate k corresponding to a force F acting at B.
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4–32 Consider the simply supported beam with an intermediate load in Appendix A–9–6. Determine

the deflection equation if the stiffness of the left and right supports are k1 and k2 , respectively.

4–33 Consider the simply supported beam with a uniform load in Appendix A–9–7. Determine the

deflection equation if the stiffness of the left and right supports are k1 and k2 , respectively.

4–34 Prove that for a uniform-cross-section beam with simple supports at the ends loaded by a single

concentrated load, the location of the maximum deflection will never be outside the range of

0.423l ≤ x ≤ 0.577l regardless of the location of the load along the beam. The importance of this

is that you can always get a quick estimate of ymax by using x = l/2.

4–35 Solve Prob. 4–12 using singularity functions. Use statics to determine the reactions.

4–36 Solve Prob. 4–13 using singularity functions. Use statics to determine the reactions.

4–37 Solve Prob. 4–14 using singularity functions. Use statics to determine the reactions.

4–38 Consider the uniformly loaded simply supported beam with an overhang as shown. Use singularity

functions to determine the deflection equation of the beam. Use statics to determine the reactions.

4–39 Solve Prob. 4–15 using singularity functions. Since the beam is symmetric, only write the equa-

tion for half the beam and use the slope at the beam center as a boundary condition. Use statics

to determine the reactions.

4–40 Solve Prob. 4–30 using singularity functions. Use statics to determine the reactions.

4–41 Determine the deflection equation for the steel beam shown using singularity functions. Since the

beam is symmetric, write the equation for only half the beam and use the slope at the beam cen-

ter as a boundary condition. Use statics to determine the reactions.

Problem 4–38

w

l a

Problem 4–41

4 in

1.5-in diameter 1.5-in diameter

w = 200 lbf/in

12 in 4 in

2-in diameter

Problem 4–31
1.5 m

0.1 m

O

z

x

B

A

d

y

F
d
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4–43 Examine the expression for the deflection of the cantilever beam, end-loaded, shown in

Appendix Table A–9–1 for some intermediate point, x = a, as

y|x=a = F1a2

6E I
(a − 3l)

In Table A–9–2, for a cantilever with intermediate load, the deflection at the end is

y|x=l = F2a2

6E I
(a − 3l)

These expressions are remarkably similar and become identical when F1 = F2 = 1. In other

words, the deflection at x = a (station 1) due to a unit load at x = l (station 2) is the same as the

deflection at station 2 due to a unit load at station 1. Prove that this is true generally for an elas-

tic body even when the lines of action of the loads are not parallel. This is known as a special

case of Maxwell’s reciprocal theorem. (Hint: Consider the potential energy of strain when the

body is loaded by two forces in either order of application.)

4–44 A steel shaft of uniform 2-in diameter has a bearing span l of 23 in and an overhang of 7 in on

which a coupling is to be mounted. A gear is to be attached 9 in to the right of the left bearing

and will carry a radial load of 400 lbf. We require an estimate of the bending deflection at the

coupling. Appendix Table A–9–6 is available, but we can’t be sure of how to expand the equation

to predict the deflection at the coupling.

(a) Show how Appendix Table A–9–10 and Maxwell’s theorem (see Prob. 4–43) can be used to

obtain the needed estimate.

(b) Check your work by finding the slope at the right bearing and extending it to the coupling

location.

4–45 Use Castigliano’s theorem to verify the maximum deflection for the uniformly loaded beam of

Appendix Table A–9–7. Neglect shear.

4–46 Solve Prob. 4–17 using Castigliano’s theorem. Hint: Write the moment equation using a position

variable positive to the left starting at the right end of the beam.

4–47 Solve Prob. 4–30 using Castigliano’s theorem.

4–48 Solve Prob. 4–31 using Castigliano’s theorem.

4–49 Determine the deflection at midspan for the beam of Prob. 4–41 using Castigliano’s theorem.

4–42 Determine the deflection equation for the cantilever beam shown using singularity functions.

Evaluate the deflections at B and C and compare your results with Example 4–11.

Problem 4–42
A B C2I1 I1 x

F

y
l/2l/2
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4–50 Using Castigliano’s theorem, determine the deflection of point B in the direction of the force F

for the bar shown. The solid bar has a uniform diameter, d. Neglect bending shear.

4–51 A cable is made using a 16-gauge (0.0625-in) steel wire and three strands of 12-gauge (0.0801-in)

copper wire. Find the stress in each wire if the cable is subjected to a tension of 250 lbf.

4–52 The figure shows a steel pressure cylinder of diameter 4 in which uses six SAE grade 5 steel bolts

having a grip of 12 in. These bolts have a proof strength (see Chap. 8) of 85 kpsi for this size of

bolt. Suppose the bolts are tightened to 90 percent of this strength in accordance with some

recommendations.

(a) Find the tensile stress in the bolts and the compressive stress in the cylinder walls.

(b) Repeat part (a), but assume now that a fluid under a pressure of 600 psi is introduced into the

cylinder.

Problem 4–52
lb = 12 inD = 4 inlc = 11 in

t =     in

Six    -in grade 5 bolts3

8

1

4

Problem 4–50

a

l

F

B

O

A

3

4

4–53 A torsion bar of length L consists of a round core of stiffness (G J )c and a shell of stiffness

(G J )s . If a torque T is applied to this composite bar, what percentage of the total torque is car-

ried by the shell?

4–54 A rectangular aluminum bar 12 mm thick and 50 mm wide is welded to fixed supports at the ends,

and the bar supports a load W = 3.5 kN, acting through a pin as shown. Find the reactions at the

supports.
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4–56 Repeat Prob. 4–55 with the diameters of section OA being 1.5 in and section AB being 1.75 in.

4–57 In testing the wear life of gear teeth, the gears are assembled by using a pretorsion. In this way,

a large torque can exist even though the power input to the tester is small. The arrangement shown

in the figure uses this principle. Note the symbol used to indicate the location of the shaft bear-

ings used in the figure. Gears A, B, and C are assembled first, and then gear C is held fixed. Gear

D is assembled and meshed with gear C by twisting it through an angle of 4◦ to provide the pre-

torsion. Find the maximum shear stress in each shaft resulting from this preload.

4–55 The steel shaft shown in the figure is subjected to a torque of 50 lbf-in applied at point A. Find

the torque reactions at O and B.

4–58 The figure shows a 3
8

- by 1 1
2

-in rectangular steel bar welded to fixed supports at each end. The

bar is axially loaded by the forces FA = 10 kip and FB = 5 kip acting on pins at A and B.

Assuming that the bar will not buckle laterally, find the reactions at the fixed supports. Use pro-

cedure 1 from Sec. 4–10.

4–59 For the beam shown, determine the support reactions using superposition and procedure 1 from

Sec. 4–10.

Problem 4–57

4 ft

2

1

1   -in dia.
C, 6-in dia.

D,

-in dia.

2   -in dia.

B, 6-in dia.

A, 2   -in dia.

1

4

7

8

1

2

1

2

Problem 4–54

750 mm 

500 mm

50 mm

12 mm thick

y

B

A

W

O

x

Problem 4–55
x

y

BA

50 lbf-in

O

4 in

1   -in dia.

6 in

1

2
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4–62 The steel beam ABC D shown is supported at C as shown and supported at B and D by steel bolts

each having a diameter of 5
16

in. The lengths of B E and DF are 2 and 2.5 in, respectively. The

beam has a second area moment of 0.050 in4 . Prior to loading, the nuts are just in contact with

the horizontal beam. A force of 500 lbf is then applied at point A. Using procedure 2 of Sec. 4–10,

determine the stresses in the bolts and the deflections of points A, B, and D. For steel, let

E = 30 Mpsi.

4–60 Solve Prob. 4–59 using Castigliano’s theorem and procedure 1 from Sec. 4–10.

4–61 The steel beam ABC D shown is simply supported at A and supported at B and D by steel cables,

each having an effective diameter of 12 mm. The second area moment of the beam is I =
8(105) mm4 . A force of 20 kN is applied at point C. Using procedure 2 of Sec. 4–10 determine

the stresses in the cables and the deflections of B, C, and D. For steel, let E = 209 GPa.

Problem 4–58

10 in

A B
C

x

y

O

20 in

1   in

15 in

in thick

FA FB

3

8

1

2

Problem 4–59

a

A B C

w

l

4–63 The horizontal deflection of the right end of the curved bar of Fig. 4–12 is given by Eq. (4–35)

for R/h > 10. For the same conditions, determine the vertical deflection.

Problem 4–62

B C

E

DA

F

3 in3 in

500 lbf

3 in

Problem 4–61

E

B CA

F

D

1 m

500 mm500 mm500 mm

20 kN
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4–64 A cast-iron piston ring has a mean diameter of 81 mm, a radial height h = 6 mm, and a thickness

b = 4 mm. The ring is assembled using an expansion tool that separates the split ends a distance

δ by applying a force F as shown. Use Castigliano’s theorem and determine the deflection δ as a

function of F . Use E = 131 GPa and assume Eq. (4–28) applies.

4–65 For the wire form shown use Castigliano’s method to determine the vertical deflection of point A.

Consider bending only and assume Eq. (4–28) applies for the curved part.

4–67 For the wire form shown, determine the deflection of point A in the y direction. Assume

R/h > 10 and consider the effects of bending and torsion only. The wire is steel with E =
200 GPa, ν = 0.29, and has a diameter of 5 mm. Before application of the 200-N force the wire

form is in the xz plane where the radius R is 100 mm.

4–66 For the wire form shown determine the vertical deflections of points A and B. Consider bending

only and assume Eq. (4–28) applies.

Problem 4–64

F

F

h = 6 mm

�

+

Problem 4–66 P

R

B

A

C

Problem 4–65
P

A

C

B

l

R
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4–68 For the wire form shown, determine (a) the reactions at points A and B, (b) how the bending

moment varies along the wire, and (c) the deflection of the load F. Assume that the entire energy

is described by Eq. (4–28).

4–69 For the curved beam shown, F = 30 kN. The material is steel with E = 207 GPa and G =
79 GPa. Determine the relative deflection of the applied forces.

4–70 Solve Prob. 4–63 using Eq. (4–32).

4–71 A thin ring is loaded by two equal and opposite forces F in part a of the figure. A free-body dia-

gram of one quadrant is shown in part b. This is a statically indeterminate problem, because the

moment MA cannot be found by statics. We wish to find the maximum bending moment in the ring

due to the forces F. Assume that the radius of the ring is large so that Eq. (4–28) can be used.

Problem 4–67

A

200 N

R

x

y

z
90°

Problem 4–68
F

A B

R

Problem 4–69

(All dimensions in millimeters.)

F

F AA

100

80

50

10

40

10

20

Section A–A



Budynas−Nisbett: Shigley’s 

Mechanical Engineering 

Design, Eighth Edition

I. Basics 4. Deflection and Stiffness204 © The McGraw−Hill 

Companies, 2008

200 Mechanical Engineering Design

4–72 Find the increase in the diameter of the ring of Prob. 4–71 due to the forces F and along the y axis.

4–73 A round tubular column has outside and inside diameters of D and d, respectively, and a diame-

tral ratio of K = d/D. Show that buckling will occur when the outside diameter is

D =
[

64Pcrl
2

π3C E(1 − K 4)

]1/4

4–74 For the conditions of Prob. 4–73, show that buckling according to the parabolic formula will

occur when the outside diameter is

D = 2

[

Pcr

π Sy (1 − K 2)
+ Sy l2

π2C E(1 + K 2)

]1/2

4–75 Link 2, shown in the figure, is 1 in wide, has 1
2

-in-diameter bearings at the ends, and is cut from

low-carbon steel bar stock having a minimum yield strength of 24 kpsi. The end-condition con-

stants are C = 1 and C = 1.2 for buckling in and out of the plane of the drawing, respectively.

(a) Using a design factor nd = 5, find a suitable thickness for the link.

(b) Are the bearing stresses at O and B of any significance?

4–76 Link 3, shown schematically in the figure, acts as a brace to support the 1.2-kN load. For buck-

ling in the plane of the figure, the link may be regarded as pinned at both ends. For out-of-plane

buckling, the ends are fixed. Select a suitable material and a method of manufacture, such as forg-

ing, casting, stamping, or machining, for casual applications of the brace in oil-field machinery.

Specify the dimensions of the cross section as well as the ends so as to obtain a strong, safe, well-

made, and economical brace.

Problem 4–75
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4–77 The hydraulic cylinder shown in the figure has a 3-in bore and is to operate at a pressure of 800 psi.

With the clevis mount shown, the piston rod should be sized as a column with both ends rounded for

any plane of buckling. The rod is to be made of forged AISI 1030 steel without further heat treatment.

(a) Use a design factor nd = 3 and select a preferred size for the rod diameter if the column

length is 60 in.

(b) Repeat part (a) but for a column length of 18 in.

(c) What factor of safety actually results for each of the cases above?

4–78 The figure shows a schematic drawing of a vehicular jack that is to be designed to support a

maximum mass of 400 kg based on the use of a design factor nd = 2.50. The opposite-handed

threads on the two ends of the screw are cut to allow the link angle θ to vary from 15 to 70◦ . The

links are to be machined from AISI 1020 hot-rolled steel bars with a minimum yield strength of

380 MPa. Each of the four links is to consist of two bars, one on each side of the central bear-

ings. The bars are to be 300 mm long and have a bar width of 25 mm. The pinned ends are to be

designed to secure an end-condition constant of at least C = 1.4 for out-of-plane buckling. Find

a suitable preferred thickness and the resulting factor of safety for this thickness.

Problem 4–78
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4–79 If drawn, a figure for this problem would resemble that for Prob. 4–52. A strut that is a standard

hollow right circular cylinder has an outside diameter of 4 in and a wall thickness of 3
8

in and is

compressed between two circular end plates held by four bolts equally spaced on a bolt circle of

5.68-in diameter. All four bolts are hand-tightened, and then bolt A is tightened to a tension

of 2000 lbf and bolt C, diagonally opposite, is tightened to a tension of 10 000 lbf. The strut axis

of symmetry is coincident with the center of the bolt circles. Find the maximum compressive

load, the eccentricity of loading, and the largest compressive stress in the strut.

4–80 Design link C D of the hand-operated toggle press shown in the figure. Specify the cross-section

dimensions, the bearing size and rod-end dimensions, the material, and the method of processing.

202 Mechanical Engineering Design

4–81 Find expressions for the maximum values of the spring force and deflection y of the impact sys-

tem shown in the figure. Can you think of a realistic application for this model?

Problem 4–82
W2

W1

k

y

h

Problem 4–80

L = 12 in, l = 4 in, θmin = 0°.

D

	

L

A

F

B

C

l

l

Problem 4–81

W

k

h

y

4–82 As shown in the figure, the weight W1 strikes W2 from a height h. Find the maximum values of the

spring force and the deflection of W2 . Name an actual system for which this model might be used.
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a

y

k1 k2

x

(a) (b)

t

x

W
Problem 4–83

4–83 Part a of the figure shows a weight W mounted between two springs. If the free end of spring k1

is suddenly displaced through the distance x = a, as shown in part b, what would be the maxi-

mum displacement y of the weight?
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In Chap. 1 we learned that strength is a property or characteristic of a mechanical

element. This property results from the material identity, the treatment and processing

incidental to creating its geometry, and the loading, and it is at the controlling or critical

location.

In addition to considering the strength of a single part, we must be cognizant

that the strengths of the mass-produced parts will all be somewhat different from the

others in the collection or ensemble because of variations in dimensions, machining,

forming, and composition. Descriptors of strength are necessarily statistical in

nature, involving parameters such as mean, standard deviations, and distributional

identification.

A static load is a stationary force or couple applied to a member. To be stationary,

the force or couple must be unchanging in magnitude, point or points of application,

and direction. A static load can produce axial tension or compression, a shear load, a

bending load, a torsional load, or any combination of these. To be considered static, the

load cannot change in any manner.

In this chapter we consider the relations between strength and static loading in order

to make the decisions concerning material and its treatment, fabrication, and geometry

for satisfying the requirements of functionality, safety, reliability, competitiveness,

usability, manufacturability, and marketability. How far we go down this list is related

to the scope of the examples.

“Failure” is the first word in the chapter title. Failure can mean a part has sepa-

rated into two or more pieces; has become permanently distorted, thus ruining its

geometry; has had its reliability downgraded; or has had its function compromised,

whatever the reason. A designer speaking of failure can mean any or all of these pos-

sibilities. In this chapter our attention is focused on the predictability of permanent

distortion or separation. In strength-sensitive situations the designer must separate

mean stress and mean strength at the critical location sufficiently to accomplish his

or her purposes.

Figures 5–1 to 5–5 are photographs of several failed parts. The photographs exem-

plify the need of the designer to be well-versed in failure prevention. Toward this end

we shall consider one-, two-, and three-dimensional stress states, with and without

stress concentrations, for both ductile and brittle materials.

Figure 5–1

(a) Failure of a truck drive-shaft
spline due to corrosion
fatigue. Note that it was
necessary to use clear tape
to hold the pieces in place.
(b) Direct end view of failure.
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Figure 5–2 

Impact failure of a lawn-
mower blade driver hub. The
blade impacted a surveying
pipe marker.

Figure 5–3

Failure of an overhead-pulley
retaining bolt on a
weightlifting machine. A
manufacturing error caused a
gap that forced the bolt to
take the entire moment load.

Figure 5–4

Chain test fixture that failed in one cycle. To alleviate complaints of excessive wear, the manufacturer decided to
case-harden the material. (a) Two halves showing fracture; this is an excellent example of brittle fracture initiated
by stress concentration. (b) Enlarged view of one portion to show cracks induced by stress concentration at the
support-pin holes.

Failures Resulting from Static Loading 207
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Figure 5–5

Valve-spring failure caused by
spring surge in an oversped
engine. The fractures exhibit
the classic 45◦ shear failure.

5–1 Static Strength
Ideally, in designing any machine element, the engineer should have available the results

of a great many strength tests of the particular material chosen. These tests should be

made on specimens having the same heat treatment, surface finish, and size as the ele-

ment the engineer proposes to design; and the tests should be made under exactly the

same loading conditions as the part will experience in service. This means that if the part

is to experience a bending load, it should be tested with a bending load. If it is to be

subjected to combined bending and torsion, it should be tested under combined bending

and torsion. If it is made of heat-treated AISI 1040 steel drawn at 500◦C with a ground

finish, the specimens tested should be of the same material prepared in the same manner.

Such tests will provide very useful and precise information. Whenever such data are

available for design purposes, the engineer can be assured of doing the best possible job

of engineering.

The cost of gathering such extensive data prior to design is justified if failure of the

part may endanger human life or if the part is manufactured in sufficiently large quan-

tities. Refrigerators and other appliances, for example, have very good reliabilities

because the parts are made in such large quantities that they can be thoroughly tested

in advance of manufacture. The cost of making these tests is very low when it is divid-

ed by the total number of parts manufactured.

You can now appreciate the following four design categories:

1 Failure of the part would endanger human life, or the part is made in extremely

large quantities; consequently, an elaborate testing program is justified during

design.

2 The part is made in large enough quantities that a moderate series of tests is

feasible.

3 The part is made in such small quantities that testing is not justified at all; or the

design must be completed so rapidly that there is not enough time for testing.
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4 The part has already been designed, manufactured, and tested and found to be

unsatisfactory. Analysis is required to understand why the part is unsatisfactory

and what to do to improve it.

More often than not it is necessary to design using only published values of yield

strength, ultimate strength, percentage reduction in area, and percentage elongation,

such as those listed in Appendix A. How can one use such meager data to design against

both static and dynamic loads, two- and three-dimensional stress states, high and low

temperatures, and very large and very small parts? These and similar questions will be

addressed in this chapter and those to follow, but think how much better it would be to

have data available that duplicate the actual design situation.

5–2 Stress Concentration
Stress concentration (see Sec. 3–13) is a highly localized effect. In some instances it

may be due to a surface scratch. If the material is ductile and the load static, the design

load may cause yielding in the critical location in the notch. This yielding can involve

strain strengthening of the material and an increase in yield strength at the small criti-

cal notch location. Since the loads are static and the material is ductile, that part can

carry the loads satisfactorily with no general yielding. In these cases the designer sets

the geometric (theoretical) stress concentration factor Kt to unity.

The rationale can be expressed as follows. The worst-case scenario is that of an

idealized non–strain-strengthening material shown in Fig. 5–6. The stress-strain curve

rises linearly to the yield strength Sy , then proceeds at constant stress, which is equal to

Sy . Consider a filleted rectangular bar as depicted in Fig. A–15–5, where the cross-

section area of the small shank is 1 in2. If the material is ductile, with a yield point of

40 kpsi, and the theoretical stress-concentration factor (SCF) Kt is 2,

• A load of 20 kip induces a tensile stress of 20 kpsi in the shank as depicted at point A

in Fig. 5–6. At the critical location in the fillet the stress is 40 kpsi, and the SCF is

K = σmax/σnom = 40/20 = 2.

50
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Figure 5–6

An idealized stress-strain
curve. The dashed line depicts
a strain-strengthening material.
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• A load of 30 kip induces a tensile stress of 30 kpsi in the shank at point B. The fillet

stress is still 40 kpsi (point D), and the SCF K = σmax/σnom = Sy/σ = 40/30 = 1.33.

• At a load of 40 kip the induced tensile stress (point C) is 40 kpsi in the shank.

At the critical location in the fillet, the stress (at point E) is 40 kpsi. The SCF

K = σmax/σnom = Sy/σ = 40/40 = 1.

For materials that strain-strengthen, the critical location in the notch has a higher Sy .

The shank area is at a stress level a little below 40 kpsi, is carrying load, and is very

near its failure-by-general-yielding condition. This is the reason designers do not apply

Kt in static loading of a ductile material loaded elastically, instead setting Kt = 1.

When using this rule for ductile materials with static loads, be careful to assure

yourself that the material is not susceptible to brittle fracture (see Sec. 5–12) in the

environment of use. The usual definition of geometric (theoretical) stress-concentration

factor for normal stress Kt and shear stress Kts is

σmax = Ktσnom (a)

τmax = Ktsτnom (b)

Since your attention is on the stress-concentration factor, and the definition of σnom or

τnom is given in the graph caption or from a computer program, be sure the value of

nominal stress is appropriate for the section carrying the load.

Brittle materials do not exhibit a plastic range. A brittle material “feels” the stress

concentration factor Kt or Kts , which is applied by using Eq. (a) or (b).

An exception to this rule is a brittle material that inherently contains microdiscon-

tinuity stress concentration, worse than the macrodiscontinuity that the designer has in

mind. Sand molding introduces sand particles, air, and water vapor bubbles. The grain

structure of cast iron contains graphite flakes (with little strength), which are literally

cracks introduced during the solidification process. When a tensile test on a cast iron is

performed, the strength reported in the literature includes this stress concentration. In

such cases Kt or Kts need not be applied.

An important source of stress-concentration factors is R. E. Peterson, who com-

piled them from his own work and that of others.1 Peterson developed the style of pre-

sentation in which the stress-concentration factor Kt is multiplied by the nominal stress

σnom to estimate the magnitude of the largest stress in the locality. His approximations

were based on photoelastic studies of two-dimensional strips (Hartman and Levan,

1951; Wilson and White, 1973), with some limited data from three-dimensional

photoelastic tests of Hartman and Levan. A contoured graph was included in the pre-

sentation of each case. Filleted shafts in tension were based on two-dimensional strips.

Table A–15 provides many charts for the theoretical stress-concentration factors for

several fundamental load conditions and geometry. Additional charts are also available

from Peterson.2

Finite element analysis (FEA) can also be applied to obtain stress-concentration

factors. Improvements on Kt and Kts for filleted shafts were reported by Tipton, Sorem,

and Rolovic.3

1R. E. Peterson, “Design Factors for Stress Concentration,” Machine Design, vol. 23, no. 2, February 1951;

no. 3, March 1951; no. 5, May 1951; no. 6, June 1951; no. 7, July 1951.

2Walter D. Pilkey, Peterson’s Stress Concentration Factors, 2nd ed, John Wiley & Sons, New York, 1997.

3S. M. Tipton, J. R. Sorem Jr., and R. D. Rolovic, “Updated Stress-Concentration Factors for Filleted Shafts in

Bending and Tension,” Trans. ASME, Journal of Mechanical Design, vol. 118, September 1996, pp. 321–327.
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5–3 Failure Theories
Section 5–1 illustrated some ways that loss of function is manifested. Events such as

distortion, permanent set, cracking, and rupturing are among the ways that a machine

element fails. Testing machines appeared in the 1700s, and specimens were pulled, bent,

and twisted in simple loading processes.

If the failure mechanism is simple, then simple tests can give clues. Just what is

simple? The tension test is uniaxial (that’s simple) and elongations are largest in the axial

direction, so strains can be measured and stresses inferred up to “failure.” Just what is

important: a critical stress, a critical strain, a critical energy? In the next several sections,

we shall show failure theories that have helped answer some of these questions.

Unfortunately, there is no universal theory of failure for the general case of mate-

rial properties and stress state. Instead, over the years several hypotheses have been

formulated and tested, leading to today’s accepted practices. Being accepted, we will

characterize these “practices” as theories as most designers do. 

Structural metal behavior is typically classified as being ductile or brittle, although

under special situations, a material normally considered ductile can fail in a brittle

manner (see Sec. 5–12). Ductile materials are normally classified such that ε f ≥ 0.05

and have an identifiable yield strength that is often the same in compression as in ten-

sion (Syt = Syc = Sy). Brittle materials, ε f < 0.05, do not exhibit an identifiable yield

strength, and are typically classified by ultimate tensile and compressive strengths, Sut

and Suc, respectively (where Suc is given as a positive quantity). The generally accepted

theories are:

Ductile materials (yield criteria)

• Maximum shear stress (MSS), Sec. 5–4

• Distortion energy (DE), Sec. 5–5

• Ductile Coulomb-Mohr (DCM), Sec. 5–6

Brittle materials (fracture criteria)

• Maximum normal stress (MNS), Sec. 5–8

• Brittle Coulomb-Mohr (BCM), Sec. 5–9

• Modified Mohr (MM), Sec. 5–9

It would be inviting if we had one universally accepted theory for each material

type, but for one reason or another, they are all used. Later, we will provide rationales

for selecting a particular theory. First, we will describe the bases of these theories and

apply them to some examples.

5–4 Maximum-Shear-Stress Theory 
for Ductile Materials
The maximum-shear-stress theory predicts that yielding begins whenever the maximum

shear stress in any element equals or exceeds the maximum shear stress in a tension-

test specimen of the same material when that specimen begins to yield. The MSS theory

is also referred to as the Tresca or Guest theory.

Many theories are postulated on the basis of the consequences seen from tensile

tests. As a strip of a ductile material is subjected to tension, slip lines (called Lüder

lines) form at approximately 45° with the axis of the strip. These slip lines are the
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beginning of yield, and when loaded to fracture, fracture lines are also seen at angles

approximately 45° with the axis of tension. Since the shear stress is maximum at 45°

from the axis of tension, it makes sense to think that this is the mechanism of failure. It

will be shown in the next section, that there is a little more going on than this. However,

it turns out the MSS theory is an acceptable but conservative predictor of failure; and

since engineers are conservative by nature, it is quite often used.

Recall that for simple tensile stress, σ = P/A, and the maximum shear stress

occurs on a surface 45° from the tensile surface with a magnitude of τmax = σ/2. So the

maximum shear stress at yield is τmax = Sy/2. For a general state of stress, three prin-

cipal stresses can be determined and ordered such that σ1 ≥ σ2 ≥ σ3 . The maximum

shear stress is then τmax = (σ1 − σ3)/2 (see Fig. 3–12). Thus, for a general state of

stress, the maximum-shear-stress theory predicts yielding when

τmax = σ1 − σ3

2
≥ Sy

2
or σ1 − σ3 ≥ Sy (5–1)

Note that this implies that the yield strength in shear is given by

Ssy = 0.5Sy (5–2)

which, as we will see later is about 15 percent low (conservative).

For design purposes, Eq. (5–1) can be modified to incorporate a factor of safety, n.

Thus,

τmax = Sy

2n
or σ1 − σ3 = Sy

n
(5–3)

Plane stress problems are very common where one of the principal stresses is zero,

and the other two, σA and σB, are determined from Eq. (3–13). Assuming that σA ≥ σB,

there are three cases to consider in using Eq. (5–1) for plane stress:

Case 1: σA ≥ σB ≥ 0. For this case, σ1 = σA and σ3 = 0. Equation (5–1)

reduces to a yield condition of

σA ≥ Sy (5–4)

Case 2: σA ≥ 0 ≥ σB . Here, σ1 = σA and σ3 = σB , and Eq. (5–1) becomes

σA − σB ≥ Sy (5–5)

Case 3: 0 ≥ σA ≥ σB . For this case, σ1 = 0 and σ3 = σB , and Eq. (5–1) gives

σB ≤ −Sy (5–6)

Equations (5–4) to (5–6) are represented in Fig. 5–7 by the three lines indicated in the

σA, σB plane. The remaining unmarked lines are cases for σB ≥ σA, which are not nor-

mally used. Equations (5–4) to (5–6) can also be converted to design equations by sub-

stituting equality for the equal to or greater sign and dividing Sy by n.

Note that the first part of Eq. (5-3), τmax = Sy/2n, is sufficient for design purposes

provided the designer is careful in determining τmax. For plane stress, Eq. (3–14) does

not always predict τmax. However, consider the special case when one normal stress is

zero in the plane, say σx and τxy have values and σy = 0. It can be easily shown that this

is a Case 2 problem, and the shear stress determined by Eq. (3–14) is τmax. Shaft design

problems typically fall into this category where a normal stress exists from bending

and/or axial loading, and a shear stress arises from torsion.
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5–5 Distortion-Energy Theory for Ductile Materials
The distortion-energy theory predicts that yielding occurs when the distortion strain

energy per unit volume reaches or exceeds the distortion strain energy per unit volume

for yield in simple tension or compression of the same material.

The distortion-energy (DE) theory originated from the observation that ductile

materials stressed hydrostatically exhibited yield strengths greatly in excess of the val-

ues given by the simple tension test. Therefore it was postulated that yielding was not

a simple tensile or compressive phenomenon at all, but, rather, that it was related some-

how to the angular distortion of the stressed element. To develop the theory, note, in Fig.

5–8a, the unit volume subjected to any three-dimensional stress state designated by the

stresses σ1, σ2, and σ3. The stress state shown in Fig. 5–8b is one of hydrostatic tension

due to the stresses σav acting in each of the same principal directions as in Fig. 5–8a.

The formula for σav is simply

σav = σ1 + σ2 + σ3

3
(a)

Thus the element in Fig. 5–8b undergoes pure volume change, that is, no angular dis-

tortion. If we regard σav as a component of σ1, σ2, and σ3, then this component can be

�B

�A–Sy

Sy

Sy

–Sy

Case 2

Case 3
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Figure 5–7

The maximum-shear-stress
(MSS) theory for plane stress,
where σA and σB are the two
nonzero principal stresses.

Figure 5–8

(a) Element with triaxial stresses; this element undergoes both volume
change and angular distortion. (b) Element under hydrostatic tension
undergoes only volume change. (c) Element has angular distortion
without volume change.
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subtracted from them, resulting in the stress state shown in Fig. 5–8c. This element is

subjected to pure angular distortion, that is, no volume change.

The strain energy per unit volume for simple tension is u = 1
2
εσ . For the element

of Fig. 5–8a the strain energy per unit volume is u = 1
2
[ε1σ1 + ε2σ2 + ε3σ3].

Substituting Eq. (3–19) for the principal strains gives

u = 1

2E

[

σ 2
1 + σ 2

2 + σ 2
3 − 2ν(σ1σ2 + σ2σ3 + σ3σ1)

]

(b)

The strain energy for producing only volume change uv can be obtained by substitut-

ing σav for σ1, σ2, and σ3 in Eq. (b). The result is

uv = 3σ 2
av

2E
(1 − 2ν) (c)

If we now substitute the square of Eq. (a) in Eq. (c) and simplify the expression, we get

uv = 1 − 2ν

6E

(

σ 2
1 + σ 2

2 + σ 2
3 + 2σ1σ2 + 2σ2σ3 + 2σ3σ1

)

(5–7)

Then the distortion energy is obtained by subtracting Eq. (5–7) from Eq. (b). This

gives

ud = u − uv = 1 + ν

3E

[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ3 − σ1)
2

2

]

(5–8)

Note that the distortion energy is zero if σ1 = σ2 = σ3 .

For the simple tensile test, at yield, σ1 = Sy and σ2 = σ3 = 0, and from Eq. (5–8)

the distortion energy is

ud = 1 + ν

3E
S2

y (5–9)

So for the general state of stress given by Eq. (5–8), yield is predicted if Eq. (5–8)

equals or exceeds Eq. (5–9). This gives

[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ3 − σ1)
2

2

]1/2

≥ Sy (5–10)

If we had a simple case of tension σ , then yield would occur when σ ≥ Sy . Thus, the

left of Eq. (5–10) can be thought of as a single, equivalent, or effective stress for the

entire general state of stress given by σ1, σ2, and σ3. This effective stress is usually

called the von Mises stress, σ ′, named after Dr. R. von Mises, who contributed to the

theory. Thus Eq. (5–10), for yield, can be written as 

σ ′ ≥ Sy (5–11)

where the von Mises stress is

σ ′ =
[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ3 − σ1)
2

2

]1/2

(5–12)

For plane stress, let σA and σB be the two nonzero principal stresses. Then from

Eq. (5–12), we get

σ ′ =
(

σ 2
A − σAσB + σ 2

B

)1/2
(5–13)
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Equation (5–13) is a rotated ellipse in the σA, σB plane, as shown in Fig. 5–9 with

σ ′ = Sy . The dotted lines in the figure represent the MSS theory, which can be seen to

be more restrictive, hence, more conservative.4

Using xyz components of three-dimensional stress, the von Mises stress can be

written as

σ ′ = 1√
2

[

(σx − σy)
2 + (σy − σz)

2 + (σz − σx)
2 + 6

(

τ 2
xy + τ 2

yz + τ 2
zx

)]1/2
(5–14)

and for plane stress,

σ ′ =
(

σ 2
x − σxσy + σ 2

y + 3τ 2
xy

)1/2
(5–15)

The distortion-energy theory is also called:

• The von Mises or von Mises–Hencky theory

• The shear-energy theory

• The octahedral-shear-stress theory

Understanding octahedral shear stress will shed some light on why the MSS is conser-

vative. Consider an isolated element in which the normal stresses on each surface are

equal to the hydrostatic stress σav. There are eight surfaces symmetric to the principal

directions that contain this stress. This forms an octahedron as shown in Fig. 5–10. The

shear stresses on these surfaces are equal and are called the octahedral shear stresses

(Fig. 5–10 has only one of the octahedral surfaces labeled). Through coordinate trans-

formations the octahedral shear stress is given by5

τoct = 1

3

[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ3 − σ1)
2
]1/2

(5–16)

4The three-dimensional equations for DE and MSS can be plotted relative to three-dimensional σ1, σ2, σ3 ,

coordinate axes. The failure surface for DE is a circular cylinder with an axis inclined at 45° from each

principal stress axis, whereas the surface for MSS is a hexagon inscribed within the cylinder. See Arthur P.

Boresi and Richard J. Schmidt, Advanced Mechanics of Materials, 6th ed., John Wiley & Sons, New York,

2003, Sec. 4.4.

5For a derivation, see Arthur P. Boresi, op. cit., pp. 36–37.

Figure 5–9

The distortion-energy (DE)
theory for plane stress states.
This is a plot of points
obtained from Eq. (5–13)
with σ ′ = Sy .

–Sy

–Sy Sy

Sy

�B

�A

DE

MSS

Pure shear load line (�A ���B � �)
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Under the name of the octahedral-shear-stress theory, failure is assumed to occur when-

ever the octahedral shear stress for any stress state equals or exceeds the octahedral

shear stress for the simple tension-test specimen at failure.

As before, on the basis of the tensile test results, yield occurs when σ1 = Sy and

σ2 = σ3 = 0. From Eq. (5–16) the octahedral shear stress under this condition is

τoct =
√

2

3
Sy (5–17)

When, for the general stress case, Eq. (5–16) is equal or greater than Eq. (5–17), yield

is predicted. This reduces to

[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ3 − σ1)
2

2

]1/2

≥ Sy (5–18)

which is identical to Eq. (5–10), verifying that the maximum-octahedral-shear-stress

theory is equivalent to the distortion-energy theory.

The model for the MSS theory ignores the contribution of the normal stresses on

the 45° surfaces of the tensile specimen. However, these stresses are P/2A, and not the

hydrostatic stresses which are P/3A. Herein lies the difference between the MSS and

DE theories.

The mathematical manipulation involved in describing the DE theory might tend

to obscure the real value and usefulness of the result. The equations given allow the

most complicated stress situation to be represented by a single quantity, the von Mises

stress, which then can be compared against the yield strength of the material through

Eq. (5–11). This equation can be expressed as a design equation by

σ ′ = Sy

n
(5–19)

The distortion-energy theory predicts no failure under hydrostatic stress and

agrees well with all data for ductile behavior. Hence, it is the most widely used the-

ory for ductile materials and is recommended for design problems unless otherwise

specified.

One final note concerns the shear yield strength. Consider a case of pure shear τxy ,

where for plane stress σx = σy = 0. For yield, Eq. (5–11) with Eq. (5–15) gives

(

3τ 2
xy

)1/2 = Sy or τxy = Sy√
3

= 0.577Sy (5–20)

Figure 5–10

Octahedral surfaces.

�2

�1

�3

�oct

�av
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Thus, the shear yield strength predicted by the distortion-energy theory is

Ssy = 0.577Sy (5–21)

which as stated earlier, is about 15 percent greater than the 0.5 Sy predicted by the MSS

theory. For pure shear, τxy the principal stresses from Eq. (3–13) are σA = −σB = τxy .

The load line for this case is in the third quadrant at an angle of 45o from the σA, σB

axes shown in Fig. 5–9.

EXAMPLE 5–1 A hot-rolled steel has a yield strength of Syt = Syc = 100 kpsi and a true strain at

fracture of ε f = 0.55. Estimate the factor of safety for the following principal stress

states:

(a) 70, 70, 0 kpsi.

(b) 30, 70, 0 kpsi.

(c) 0, 70, −30 kpsi.

(d) 0, −30, −70 kpsi.

(e) 30, 30, 30 kpsi.

Solution Since ε f > 0.05 and Syc and Syt are equal, the material is ductile and the distortion-

energy (DE) theory applies. The maximum-shear-stress (MSS) theory will also be

applied and compared to the DE results. Note that cases a to d are plane stress 

states.

(a) The ordered principal stresses are σA = σ1 = 70, σB = σ2 = 70, σ3 = 0 kpsi.

DE From Eq. (5–13),

σ ′ = [702 − 70(70) + 702]1/2 = 70 kpsi

Answer n = Sy

σ ′ = 100

70
= 1.43

MSS Case 1, using Eq. (5–4) with a factor of safety,

Answer n = Sy

σA

= 100

70
= 1.43

(b) The ordered principal stresses are σA = σ1 = 70, σB = σ2 = 30, σ3 = 0 kpsi.

DE σ ′ = [702 − 70(30) + 302]1/2 = 60.8 kpsi

Answer n = Sy

σ ′ = 100

60.8
= 1.64

MSS Case 1, using Eq. (5–4),

Answer n = Sy

σA

= 100

70
= 1.43
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(c) The ordered principal stresses are σA = σ1 = 70, σ2 = 0, σB = σ3 = −30 kpsi.

DE σ ′ = [702 − 70(−30) + (−30)2]1/2 = 88.9 kpsi

Answer n = Sy

σ ′ = 100

88.9
= 1.13

MSS Case 2, using Eq. (5–5),

Answer n = Sy

σA − σB

= 100

70 − (−30)
= 1.00

(d) The ordered principal stresses are σ1 = 0, σA = σ2 = −30, σB = σ3 = −70 kpsi.

DE σ ′ = [(−70)2 − (−70)(−30) + (−30)2]1/2 = 60.8 kpsi

Answer n = Sy

σ ′ = 100

60.8
= 1.64

MSS Case 3, using Eq. (5–6),

Answer n = − Sy

σB

= − 100

−70
= 1.43

(e) The ordered principal stresses are σ1 = 30, σ2 = 30, σ3 = 30 kpsi

DE From Eq. (5–12),

σ ′ =
[

(30 − 30)2 + (30 − 30)2 + (30 − 30)2

2

]1/2

= 0 kpsi

Answer n = Sy

σ ′ = 100

0
→ ∞

MSS From Eq. (5–3),

Answer n = Sy

σ1 − σ3

= 100

30 − 30
→ ∞

A tabular summary of the factors of safety is included for comparisons.

(a) (b) (c) (d) (e)

DE 1.43 1.64 1.13 1.64 ∞
MSS 1.43 1.43 1.00 1.43 ∞

Since the MSS theory is on or within the boundary of the DE theory, it will always pre-

dict a factor of safety equal to or less than the DE theory, as can be seen in the table.

For each case, except case (e), the coordinates and load lines in the σA, σB plane are

shown in Fig. 5–11. Case (e) is not plane stress. Note that the load line for case (a) is
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5–6 Coulomb-Mohr Theory for Ductile Materials
Not all materials have compressive strengths equal to their corresponding tensile

values. For example, the yield strength of magnesium alloys in compression may be as

little as 50 percent of their yield strength in tension. The ultimate strength of gray cast

irons in compression varies from 3 to 4 times greater than the ultimate tensile strength.

So, in this section, we are primarily interested in those theories that can be used to pre-

dict failure for materials whose strengths in tension and compression are not equal.

Historically, the Mohr theory of failure dates to 1900, a date that is relevant to its

presentation. There were no computers, just slide rules, compasses, and French curves.

Graphical procedures, common then, are still useful today for visualization.The idea of Mohr

is based on three “simple” tests: tension, compression, and shear, to yielding if the material

can yield, or to rupture. It is easier to define shear yield strength as Ssy than it is to test for it.

The practical difficulties aside, Mohr’s hypothesis was to use the results of tensile,

compressive, and torsional shear tests to construct the three circles of Fig. 5–12 defining

a failure envelope, depicted as line ABCDE in the figure, above the σ axis. The failure

envelope need not be straight. The argument amounted to the three Mohr circles

describing the stress state in a body (see Fig. 3–12) growing during loading until one of

them became tangent to the failure envelope, thereby defining failure. Was the form of

the failure envelope straight, circular, or quadratic? A compass or a French curve

defined the failure envelope.

A variation of Mohr’s theory, called the Coulomb-Mohr theory or the internal-friction

theory, assumes that the boundary BCD in Fig. 5–12 is straight. With this assumption only

the tensile and compressive strengths are necessary. Consider the conventional ordering of

the principal stresses such that σ1 ≥ σ2 ≥ σ3. The largest circle connects σ1 and σ3, as

shown in Fig. 5–13. The centers of the circles in Fig. 5–13 are C1, C2, and C3. Triangles

OBiCi are similar, therefore

B2C2 − B1C1

OC2 − OC1

= B3C3 − B1C1

OC3 − OC1

Figure 5–11

Load lines for Example 5–1.

–Sy

–Sy

Sy

Sy

�B

�A

(a)

(b)

(c)

(d )

DE

MSS

Load lines

�A

�B

the only plane stress case given in which the two theories agree, thus giving the same

factor of safety.
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or

σ1 − σ3

2
− St

2
St

2
− σ1 + σ3

2

=
Sc

2
− St

2
Sc

2
+ St

2

Cross-multiplying and simplifying reduces this equation to

σ1

St

− σ3

Sc

= 1 (5–22)

where either yield strength or ultimate strength can be used.

For plane stress, when the two nonzero principal stresses are σA ≥ σB , we have

a situation similar to the three cases given for the MSS theory, Eqs. (5–4) to (5–6).

That is,

Case 1: σA ≥ σB ≥ 0. For this case, σ1 = σA and σ3 = 0. Equation (5–22)

reduces to a failure condition of

σA ≥ St (5–23)

Case 2: σA ≥ 0 ≥ σB . Here, σ1 = σA and σ3 = σB , and Eq. (5–22) becomes

σA

St

− σB

Sc

≥ 1 (5–24)

Case 3: 0 ≥ σA ≥ σB . For this case, σ1 = 0 and σ3 = σB , and Eq. (5–22) gives

σB ≤ −Sc (5–25)

Figure 5–12

Three Mohr circles, one for the
uniaxial compression test, one
for the test in pure shear, and
one for the uniaxial tension test,
are used to define failure by the
Mohr hypothesis. The strengths
Sc and S t are the compressive
and tensile strengths,
respectively; they can be used
for yield or ultimate strength.

�

�

A

B

C
D

E

St
–Sc

Figure 5–13

Mohr’s largest circle for a
general state of stress.

�

�
�
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A plot of these cases, together with the normally unused cases corresponding to

σB ≥ σA , is shown in Fig. 5–14.

For design equations, incorporating the factor of safety n, divide all strengths by n.

For example, Eq. (5–22) as a design equation can be written as

σ1

St

− σ3

Sc

= 1

n
(5–26)

Since for the Coulomb-Mohr theory we do not need the torsional shear strength

circle we can deduce it from Eq. (5–22). For pure shear τ, σ1 = −σ3 = τ . The torsional

yield strength occurs when τmax = Ssy . Substituting σ1 = −σ3 = Ssy into Eq. (5–22)

and simplifying gives

Ssy = Syt Syc

Syt + Syc

(5–27)

Figure 5–14

Plot of the Coulomb-Mohr
theory of failure for plane
stress states.

�B

�ASt–Sc

–Sc

St

EXAMPLE 5–2 A 25-mm-diameter shaft is statically torqued to 230 N · m. It is made of cast 195-T6

aluminum, with a yield strength in tension of 160 MPa and a yield strength in com-

pression of 170 MPa. It is machined to final diameter. Estimate the factor of safety of

the shaft.

Solution The maximum shear stress is given by

τ = 16T

πd3
= 16(230)

π
[

25
(

10−3
)]3

= 75
(

106
)

N/m2 = 75 MPa

The two nonzero principal stresses are 75 and −75 MPa, making the ordered principal

stresses σ1 = 75, σ2 = 0, and σ3 = −75 MPa. From Eq. (5–26), for yield,

Answer n = 1

σ1/Syt − σ3/Syc

= 1

75/160 − (−75)/170
= 1.10

Alternatively, from Eq. (5–27),

Ssy = Syt Syc

Syt + Syc

= 160(170)

160 + 170
= 82.4 MPa
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and τmax = 75 MPa. Thus,

Answer n = Ssy

τmax

= 82.4

75
= 1.10

5–7 Failure of Ductile Materials Summary
Having studied some of the various theories of failure, we shall now evaluate them and

show how they are applied in design and analysis. In this section we limit our studies to

materials and parts that are known to fail in a ductile manner. Materials that fail in a brit-

tle manner will be considered separately because these require different failure theories.

To help decide on appropriate and workable theories of failure, Marin6 collected

data from many sources. Some of the data points used to select failure theories for duc-

tile materials are shown in Fig. 5–15.7 Mann also collected many data for copper and

nickel alloys; if shown, the data points for these would be mingled with those already

diagrammed. Figure 5–15 shows that either the maximum-shear-stress theory or the

distortion-energy theory is acceptable for design and analysis of materials that would

6Joseph Marin was one of the pioneers in the collection, development, and dissemination of material on the

failure of engineering elements. He has published many books and papers on the subject. Here the

reference used is Joseph Marin, Engineering Materials, Prentice-Hall, Englewood Cliffs, N.J., 1952.

(See pp. 156 and 157 for some data points used here.)

7Note that some data in Fig. 5–15 are displayed along the top horizontal boundary where σB ≥ σA . This is

often done with failure data to thin out congested data points by plotting on the mirror image of the line

σB = σA .

Figure 5–15

Experimental data superposed
on failure theories. (From Fig.
7.11, p. 257, Mechanical
Behavior of Materials, 2nd
ed., N. E. Dowling, Prentice
Hall, Englewood Cliffs, N.J.,
1999. Modified to show only
ductile failures.)

�2/Sc

�1/Sc

Max. shear
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0 1.0
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Yielding (Sc = Sy)
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AISI 1023 steel

2024-T4 Al

3S-H Al
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fail in a ductile manner. You may wish to plot other theories using a red or blue pencil

on Fig. 5–15 to show why they are not acceptable or are not used.

The selection of one or the other of these two theories is something that you, the

engineer, must decide. For design purposes the maximum-shear-stress theory is easy,

quick to use, and conservative. If the problem is to learn why a part failed, then the

distortion-energy theory may be the best to use; Fig. 5–15 shows that the plot of the

distortion-energy theory passes closer to the central area of the data points, and thus is

generally a better predictor of failure.

For ductile materials with unequal yield strengths, Syt in tension and Syc in com-

pression, the Mohr theory is the best available. However, the theory requires the results

from three separate modes of tests, graphical construction of the failure locus, and fit-

ting the largest Mohr’s circle to the failure locus. The alternative to this is to use the

Coulomb-Mohr theory, which requires only the tensile and compressive yield strengths

and is easily dealt with in equation form.

EXAMPLE 5–3 This example illustrates the use of a failure theory to determine the strength of a mechan-

ical element or component. The example may also clear up any confusion existing

between the phrases strength of a machine part, strength of a material, and strength of

a part at a point.

A certain force F applied at D near the end of the 15-in lever shown in Fig. 5–16,

which is quite similar to a socket wrench, results in certain stresses in the cantilevered

bar OABC. This bar (OABC) is of AISI 1035 steel, forged and heat-treated so that it has

a minimum (ASTM) yield strength of 81 kpsi. We presume that this component would

be of no value after yielding. Thus the force F required to initiate yielding can be

regarded as the strength of the component part. Find this force.

A

1

8
-in R.

1 1

2
-in D.

1 1

2
-in D.

z

1-in D.

2 in

2 in

15 in

F

B

C

x

O

y

D

12 in

Figure 5–16
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Solution We will assume that lever DC is strong enough and hence not a part of the problem. A 1035

steel, heat-treated, will have a reduction in area of 50 percent or more and hence is a duc-

tile material at normal temperatures. This also means that stress concentration at shoulder

A need not be considered. A stress element at A on the top surface will be subjected to a

tensile bending stress and a torsional stress. This point, on the 1-in-diameter section, is the

weakest section, and governs the strength of the assembly. The two stresses are

σx = M

I/c
= 32M

πd3
= 32(14F)

π(13)
= 142.6F

τzx = T r

J
= 16T

πd3
= 16(15F)

π(13)
= 76.4F

Employing the distortion-energy theory, we find, from Eq. (5–15), that

σ ′ =
(

σ 2
x + 3τ 2

zx

)1/2 = [(142.6F)2 + 3(76.4F)2]
1/2 = 194.5F

Equating the von Mises stress to Sy , we solve for F and get

Answer F = Sy

194.5
= 81 000

194.5
= 416 lbf

In this example the strength of the material at point A is Sy = 81 kpsi. The strength of

the assembly or component is F = 416 lbf.

Let us see how to apply the MSS theory. For a point undergoing plane stress with

only one non-zero normal stress and one shear stress, the two nonzero principal stresses

σA and σB will have opposite signs and hence fit case 2 for the MSS theory. From

Eq. (3–13),

σA − σB = 2

[(

σx

2

)2

+ τ 2
zx

]1/2

=
(

σ 2
x + 4τ 2

zx

)1/2

For case 2 of the MSS theory, Eq. (5–5) applies and hence

(

σ 2
x + 4τ 2

zx

)1/2 = Sy

[(142.6F)2 + 4(76.4F)2]1/2 = 209.0F = 81 000

F = 388 lbf

which is about 7 percent less than found for the DE theory. As stated earlier, the MSS

theory is more conservative than the DE theory.

EXAMPLE 5–4 The cantilevered tube shown in Fig. 5–17 is to be made of 2014 aluminum alloy treated

to obtain a specified minimum yield strength of 276 MPa. We wish to select a stock-size

tube from Table A–8 using a design factor nd = 4. The bending load is F = 1.75 kN,

the axial tension is P = 9.0 kN, and the torsion is T = 72 N · m. What is the realized

factor of safety?
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Solution Since the maximum bending moment is M = 120F , the normal stress, for an element

on the top surface of the tube at the origin, is

σx = P

A
+ Mc

I
= 9

A
+ 120(1.75)(do/2)

I
= 9

A
+ 105do

I
(1)

where, if millimeters are used for the area properties, the stress is in gigapascals.

The torsional stress at the same point is

τzx = T r

J
= 72(do/2)

J
= 36do

J
(2)

For accuracy, we choose the distortion-energy theory as the design basis. The von Mises

stress, as in the previous example, is

σ ′ =
(

σ 2
x + 3τ 2

zx

)1/2
(3)

On the basis of the given design factor, the goal for σ ′ is

σ ′ ≤ Sy

nd

= 0.276

4
= 0.0690 GPa (4)

where we have used gigapascals in this relation to agree with Eqs. (1) and (2).

Programming Eqs. (1) to (3) on a spreadsheet and entering metric sizes from

Table A–8 reveals that a 42- × 5-mm tube is satisfactory. The von Mises stress is found

to be σ ′ = 0.06043 GPa for this size. Thus the realized factor of safety is

Answer n = Sy

σ ′ = 0.276

0.06043
= 4.57

For the next size smaller, a 42- × 4-mm tube, σ ′ = 0.07105 GPa giving a factor of

safety of

n = Sy

σ ′ = 0.276

0.07105
= 3.88

Figure 5–17

120 mm

y

z

F

T

x

P
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5–8 Maximum-Normal-Stress Theory
for Brittle Materials
The maximum-normal-stress (MNS) theory states that failure occurs whenever one of

the three principal stresses equals or exceeds the strength. Again we arrange the prin-

cipal stresses for a general stress state in the ordered form σ1 ≥ σ2 ≥ σ3 . This theory

then predicts that failure occurs whenever

σ1 ≥ Sut or σ3 ≤ −Suc (5–28)

where Sut and Suc are the ultimate tensile and compressive strengths, respectively, given

as positive quantities. 

For plane stress, with the principal stresses given by Eq. (3–13), with σA ≥ σB,

Eq. (5–28) can be written as

σA ≥ Sut or σB ≤ −Suc (5–29)

which is plotted in Fig. 5–18a. As before, the failure criteria equations can be converted to

design equations. We can consider two sets of equations for load lines where σA ≥ σB as

Figure 5–18

(a) Graph of maximum-normal-
stress (MNS) theory of failure
for plane stress states. Stress
states that plot inside the
failure locus are safe.
(b) Load line plot.

Sut

�B

�A
Sut–Suc

–Suc

(a)
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�A
Sut
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σA = Sut

n
σA ≥ σB ≥ 0 Load line 1

σA ≥ 0 ≥ σB and

∣

∣

∣

∣

σB

σA

∣

∣

∣

∣

≤ Suc

Sut

Load line 2 (5–30a)

σB = − Suc

n
σA ≥ 0 ≥ σB and

∣

∣

∣

∣

σB

σA

∣

∣

∣

∣

>
Suc

Sut

Load line 3

0 ≥ σA ≥ σB Load line 4 (5–30b)

where the load lines are shown in Fig. 5–18b.

Before we comment any further on the MNS theory we will explore some modifi-

cations to the Mohr theory for brittle materials.

5–9 Modifications of the Mohr Theory
for Brittle Materials
We will discuss two modifications of the Mohr theory for brittle materials: the Brittle-

Coulomb-Mohr (BCM) theory and the modified Mohr (MM) theory. The equations

provided for the theories will be restricted to plane stress and be of the design type

incorporating the factor of safety.

The Coulomb-Mohr theory was discussed earlier in Sec. 5–6 with Eqs. (5–23) to

(5–25). Written as design equations for a brittle material, they are:

Brittle-Coulomb-Mohr

σA = Sut

n
σA ≥ σB ≥ 0 (5–31a)

σA

Sut

− σB

Suc

= 1

n
σA ≥ 0 ≥ σB (5–31b)

σB = − Suc

n
0 ≥ σA ≥ σB (5–31c)

On the basis of observed data for the fourth quadrant, the modified Mohr theory

expands the fourth quadrant as shown in Fig. 5–19.

Modified Mohr

σA = Sut

n
σA ≥ σB ≥ 0

σA ≥ 0 ≥ σB and

∣

∣

∣

∣

σB

σA

∣

∣

∣

∣

≤ 1

(5–32a)

(Suc − Sut) σA

Suc Sut

− σB

Suc

= 1

n
σA ≥ 0 ≥ σB and

∣

∣

∣

∣

σB

σA

∣

∣

∣

∣

> 1 (5–32b)

σB = − Suc

n
0 ≥ σA ≥ σB (5–32c)

Data are still outside this extended region. The straight line introduced by the modified

Mohr theory, for σA ≥ 0 ≥ σB and |σB/σA| > 1, can be replaced by a parabolic relation
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which can more closely represent some of the data.8 However, this introduces a nonlin-

ear equation for the sake of a minor correction, and will not be presented here.

Figure 5–19

Biaxial fracture data of gray
cast iron compared with
various failure criteria.
(Dowling, N. E., Mechanical
Behavior of Materials, 2/e,
1999, p. 261. Reprinted by
permission of Pearson
Education, Inc., Upper Saddle
River, New Jersey.)

Sut

–Suc
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�B, MPa
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300
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–300

–700

300–300–700

max. normal

mod. M
ohr

Coulomb - M
ohr

Torsion

Gray cast-iron data

8See J. E. Shigley, C. R. Mischke, R. G. Budynas, Mechanical Engineering Design, 7th ed., McGraw-Hill,

New York, 2004, p. 275.

EXAMPLE 5–5 Consider the wrench in Ex. 5–3, Fig. 5–16, as made of cast iron, machined to dimen-

sion. The force F required to fracture this part can be regarded as the strength of the

component part. If the material is ASTM grade 30 cast iron, find the force F with

(a) Coulomb-Mohr failure model.

(b) Modified Mohr failure model.

Solution We assume that the lever DC is strong enough, and not part of the problem. Since grade

30 cast iron is a brittle material and cast iron, the stress-concentration factors Kt and Kts

are set to unity. From Table A–24, the tensile ultimate strength is 31 kpsi and the com-

pressive ultimate strength is 109 kpsi. The stress element at A on the top surface will be

subjected to a tensile bending stress and a torsional stress. This location, on the 1-in-

diameter section fillet, is the weakest location, and it governs the strength of the assem-

bly. The normal stress σx and the shear stress at A are given by

σx = Kt

M

I/c
= Kt

32M

πd3
= (1)

32(14F)

π(1)3
= 142.6F

τxy = Kts

T r

J
= Kts

16T

πd3
= (1)

16(15F)

π(1)3
= 76.4F

From Eq. (3–13) the nonzero principal stresses σA and σB are

σA, σB = 142.6F + 0

2
±

√

(

142.6F − 0

2

)2

+ (76.4F)2 = 175.8F,−33.2F
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This puts us in the fourth-quadrant of the σA, σB plane.

(a) For BCM, Eq. (5–31b) applies with n = 1 for failure.

σA

Sut

− σB

Suc

= 175.8F

31(103)
− (−33.2F)

109(103)
= 1

Solving for F yields

Answer F = 167 lbf

(b) For MM, the slope of the load line is |σB/σA| = 33.2/175.8 = 0.189 < 1.

Obviously, Eq. (5–32a) applies.

σA

Sut

= 175.8F

31(103)
= 1

Answer F = 176 lbf

As one would expect from inspection of Fig. 5–19, Coulomb-Mohr is more conservative.

5–10 Failure of Brittle Materials Summary
We have identified failure or strength of brittle materials that conform to the usual

meaning of the word brittle, relating to those materials whose true strain at fracture

is 0.05 or less. We also have to be aware of normally ductile materials that for some

reason may develop a brittle fracture or crack if used below the transition tempera-

ture. Figure 5–20 shows data for a nominal grade 30 cast iron taken under biaxial

Figure 5–20

A plot of experimental data
points obtained from tests on
cast iron. Shown also are the
graphs of three failure theories
of possible usefulness for brittle
materials. Note points A, B,
C, and D. To avoid
congestion in the first
quadrant, points have been
plotted for σA > σB as well as
for the opposite sense. (Source
of data: Charles F. Walton
(ed.), Iron Castings
Handbook, Iron Founders’
Society, 1971, pp. 215,
216, Cleveland, Ohio.)
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stress conditions, with several brittle failure hypotheses shown, superposed. We note

the following:

• In the first quadrant the data appear on both sides and along the failure curves of

maximum-normal-stress, Coulomb-Mohr, and modified Mohr. All failure curves are

the same, and data fit well.

• In the fourth quadrant the modified Mohr theory represents the data best. 

• In the third quadrant the points A, B, C, and D are too few to make any suggestion

concerning a fracture locus.

5–11 Selection of Failure Criteria
For ductile behavior the preferred criterion is the distortion-energy theory, although

some designers also apply the maximum-shear-stress theory because of its simplicity

and conservative nature. In the rare case when Syt 
= Syc , the ductile Coulomb-Mohr

method is employed.

For brittle behavior, the original Mohr hypothesis, constructed with tensile, com-

pression, and torsion tests, with a curved failure locus is the best hypothesis we have.

However, the difficulty of applying it without a computer leads engineers to choose

modifications, namely, Coulomb Mohr, or modified Mohr. Figure 5–21 provides a sum-

mary flowchart for the selection of an effective procedure for analyzing or predicting

failures from static loading for brittle or ductile behavior.

Figure 5–21

Failure theory selection
flowchart.

Syt = Syc?
·Conservative?

�f

Mod. Mohr
(MM)

Eq. (5-32)

Brittle Coulomb-Mohr
(BCM)

Eq. (5-31)

Ductile Coulomb-Mohr
(DCM)

Eq. (5-26)

Distortion-energy
(DE)

Eqs. (5-15)
and (5-19)

Brittle behavior Ductile behavior

< 0.05 ≥ 0.05

No NoYes

Conservative?

Maximum shear stress
(MSS)

Eq. (5-3)

No Yes

Yes
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5–12 Introduction to Fracture Mechanics
The idea that cracks exist in parts even before service begins, and that cracks can grow

during service, has led to the descriptive phrase “damage-tolerant design.” The focus of

this philosophy is on crack growth until it becomes critical, and the part is removed

from service. The analysis tool is linear elastic fracture mechanics (LEFM). Inspection

and maintenance are essential in the decision to retire parts before cracks reach cata-

strophic size. Where human safety is concerned, periodic inspections for cracks are

mandated by codes and government ordinance.

We shall now briefly examine some of the basic ideas and vocabulary needed for

the potential of the approach to be appreciated. The intent here is to make the reader

aware of the dangers associated with the sudden brittle fracture of so-called ductile

materials. The topic is much too extensive to include in detail here and the reader is

urged to read further on this complex subject.9

The use of elastic stress-concentration factors provides an indication of the average

load required on a part for the onset of plastic deformation, or yielding; these factors

are also useful for analysis of the loads on a part that will cause fatigue fracture.

However, stress-concentration factors are limited to structures for which all dimensions

are precisely known, particularly the radius of curvature in regions of high stress con-

centration. When there exists a crack, flaw, inclusion, or defect of unknown small radius

in a part, the elastic stress-concentration factor approaches infinity as the root radius

approaches zero, thus rendering the stress-concentration factor approach useless.

Furthermore, even if the radius of curvature of the flaw tip is known, the high local

stresses there will lead to local plastic deformation surrounded by a region of elastic

deformation. Elastic stress-concentration factors are no longer valid for this situation,

so analysis from the point of view of stress-concentration factors does not lead to cri-

teria useful for design when very sharp cracks are present.

By combining analysis of the gross elastic changes in a structure or part that occur

as a sharp brittle crack grows with measurements of the energy required to produce new

fracture surfaces, it is possible to calculate the average stress (if no crack were present)

that will cause crack growth in a part. Such calculation is possible only for parts with

cracks for which the elastic analysis has been completed, and for materials that crack in a

relatively brittle manner and for which the fracture energy has been carefully measured.

The term relatively brittle is rigorously defined in the test procedures,10 but it means,

roughly, fracture without yielding occurring throughout the fractured cross section.

Thus glass, hard steels, strong aluminum alloys, and even low-carbon steel below

the ductile-to-brittle transition temperature can be analyzed in this way. Fortunately,

ductile materials blunt sharp cracks, as we have previously discovered, so that fracture

occurs at average stresses of the order of the yield strength, and the designer is prepared

9References on brittle fracture include:

H. Tada and P. C. Paris, The Stress Analysis of Cracks Handbook, 2nd ed., Paris Productions,

St. Louis, 1985.

D. Broek, Elementary Engineering Fracture Mechanics, 4th ed., Martinus Nijhoff, London, 1985.

D. Broek, The Practical Use of Fracture Mechanics, Kluwar Academic Pub., London, 1988.

David K. Felbeck and Anthony G. Atkins, Strength and Fracture of Engineering Solids, Prentice-Hall,

Englewood Cliffs, N.J., 1984.

Kåre Hellan, Introduction to Fracture Mechanics, McGraw-Hill, New York, 1984.

10BS 5447:1977 and ASTM E399-78.
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for this condition. The middle ground of materials that lie between “relatively brittle”

and “ductile” is now being actively analyzed, but exact design criteria for these materi-

als are not yet available.

Quasi-Static Fracture

Many of us have had the experience of observing brittle fracture, whether it is the break-

ing of a cast-iron specimen in a tensile test or the twist fracture of a piece of blackboard

chalk. It happens so rapidly that we think of it as instantaneous, that is, the cross section

simply parting. Fewer of us have skated on a frozen pond in the spring, with no one near

us, heard a cracking noise, and stopped to observe. The noise is due to cracking. The

cracks move slowly enough for us to see them run. The phenomenon is not instantaneous,

since some time is necessary to feed the crack energy from the stress field to the crack for

propagation. Quantifying these things is important to understanding the phenomenon “in

the small.” In the large, a static crack may be stable and will not propagate. Some level of

loading can render the crack unstable, and the crack propagates to fracture.

The foundation of fracture mechanics was first established by Griffith in 1921

using the stress field calculations for an elliptical flaw in a plate developed by Inglis in

1913. For the infinite plate loaded by an applied uniaxial stress σ in Fig. 5–22, the max-

imum stress occurs at (±a, 0) and is given by

(σy)max =
(

1 + 2
a

b

)

σ (5–33)

Note that when a = b, the ellipse becomes a circle and Eq. (5–33) gives a stress con-

centration factor of 3. This agrees with the well-known result for an infinite plate with

a circular hole (see Table A–15–1). For a fine crack, b/a → 0, and Eq. (5–34) predicts

that (σy)max → ∞. However, on a microscopic level, an infinitely sharp crack is a

hypothetical abstraction that is physically impossible, and when plastic deformation

occurs, the stress will be finite at the crack tip.

Griffith showed that the crack growth occurs when the energy release rate from

applied loading is greater than the rate of energy for crack growth. Crack growth can be

stable or unstable. Unstable crack growth occurs when the rate of change of the energy

release rate relative to the crack length is equal to or greater than the rate of change of

the crack growth rate of energy. Griffith’s experimental work was restricted to brittle

materials, namely glass, which pretty much confirmed his surface energy hypothesis.

However, for ductile materials, the energy needed to perform plastic work at the crack

tip is found to be much more crucial than surface energy.

Figure 5–22 y

x

a

b

�

�
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Crack Modes and the Stress Intensity Factor

Three distinct modes of crack propagation exist, as shown in Fig. 5–23. A tensile stress

field gives rise to mode I, the opening crack propagation mode, as shown in Fig. 5–23a.

This mode is the most common in practice. Mode II is the sliding mode, is due to 

in-plane shear, and can be seen in Fig. 5–23b. Mode III is the tearing mode, which

arises from out-of-plane shear, as shown in Fig. 5–23c. Combinations of these modes

can also occur. Since mode I is the most common and important mode, the remainder

of this section will consider only this mode.

Consider a mode I crack of length 2a in the infinite plate of Fig. 5–24. By using

complex stress functions, it has been shown that the stress field on a dx dy element in

the vicinity of the crack tip is given by

σx = σ

√

a

2r
cos

θ

2

(

1 − sin
θ

2
sin

3θ

2

)

(5–34a)

σy = σ

√

a

2r
cos

θ

2

(

1 + sin
θ

2
sin

3θ

2

)

(5–34b)

τxy = σ

√

a

2r
sin

θ

2
cos

θ

2
cos

3θ

2
(5–34c)

σz =
{

0 (for plane stress)

ν(σx + σy) (for plane strain)
(5–34d)

Figure 5–24

Mode I crack model.

y

x
r

dx
dy

a

�

	

�

Figure 5–23

Crack propagation modes.

Mode I Mode II Mode III
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The stress σy near the tip, with θ = 0, is

σy|θ=0 = σ

√

a

2r
(a)

As with the elliptical crack, we see that σy|θ=0 → ∞ as r → 0, and again the concept

of an infinite stress concentration at the crack tip is inappropriate. The quantity

σy|θ=0

√
2r = σ

√
a, however, does remain constant as r → 0. It is common practice to

define a factor K called the stress intensity factor given by

K = σ
√

πa (b)

where the units are MPa
√

m or kpsi
√

in. Since we are dealing with a mode I crack, Eq.

(b) is written as

K I = σ
√

πa (5–35)

The stress intensity factor is not to be confused with the static stress concentration

factors Kt and Kts defined in Secs. 3–13 and 5–2.

Thus Eqs. (5–34) can be rewritten as 

σx = K I√
2πr

cos
θ

2

(

1 − sin
θ

2
sin

3θ

2

)

(5–36a)

σy = K I√
2πr

cos
θ

2

(

1 + sin
θ

2
sin

3θ

2

)

(5–36b)

τxy = K I√
2πr

sin
θ

2
cos

θ

2
cos

3θ

2
(5–36c)

σz =
{

0 (for plane stress)

ν(σx + σy) (for plane strain)
(5–36d)

The stress intensity factor is a function of geometry, size and shape of the crack,

and the type of loading. For various load and geometric configurations, Eq. (5–35) can

be written as

K I = βσ
√

πa (5–37)

where β is the stress intensity modification factor. Tables for β are available in the lit-

erature for basic configurations.11 Figures 5–25 to 5–30 present a few examples of β for

mode I crack propagation.

Fracture Toughness

When the magnitude of the mode I stress intensity factor reaches a critical value,

K I c crack propagation initiates. The critical stress intensity factor K I c is a material prop-

erty that depends on the material, crack mode, processing of the material, temperature,

11See, for example:

H. Tada and P. C. Paris, The Stress Analysis of Cracks Handbook, 2nd ed., Paris Productions, St. Louis, 1985.

G. C. Sib, Handbook of Stress Intensity Factors for Researchers and Engineers, Institute of Fracture and

Solid Mechanics, Lehigh University, Bethlehem, Pa., 1973.

Y. Murakami, ed., Stress Intensity Factors Handbook, Pergamon Press, Oxford, U.K., 1987.

W. D. Pilkey, Formulas for Stress, Strain, and Structural Matrices, 2nd ed. John Wiley& Sons, 

New York, 2005.



Budynas−Nisbett: Shigley’s 

Mechanical Engineering 

Design, Eighth Edition

II. Failure Prevention 5. Failures Resulting from 

Static Loading

239© The McGraw−Hill 

Companies, 2008

Figure 5–25

Off-center crack in a plate in
longitudinal tension; solid
curves are for the crack tip at
A; dashed curves are for the
tip at B.
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Figure 5–26

Plate loaded in longitudinal
tension with a crack at the
edge; for the solid curve there
are no constraints to bending;
the dashed curve was
obtained with bending
constraints added.
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Figure 5–27

Beams of rectangular cross
section having an edge crack.
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Figure 5–28

Plate in tension containing a
circular hole with two cracks.
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loading rate, and the state of stress at the crack site (such as plane stress versus plane

strain). The critical stress intensity factor K I c is also called the fracture toughness of

the material. The fracture toughness for plane strain is normally lower than that for

plane stress. For this reason, the term K I c is typically defined as the mode I, plane strain

fracture toughness. Fracture toughness K I c for engineering metals lies in the range

20 ≤ K I c ≤ 200 MPa · √m; for engineering polymers and ceramics, 1 ≤ K I c ≤
5 MPa · √m. For a 4340 steel, where the yield strength due to heat treatment ranges

from 800 to 1600 MPa, K I c decreases from 190 to 40 MPa · √m.
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Table 5–1 gives some approximate typical room-temperature values of K I c for

several materials. As previously noted, the fracture toughness depends on many factors

and the table is meant only to convey some typical magnitudes of K I c. For an actual

application, it is recommended that the material specified for the application be certi-

fied using standard test procedures [see the American Society for Testing and Materials

(ASTM) standard E399].

Figure 5–29

A cylinder loading in axial
tension having a radial crack
of depth a extending
completely around the
circumference of the cylinder.
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Figure 5–30

Cylinder subjected to internal
pressure p, having a radial
crack in the longitudinal
direction of depth a. Use
Eq. (4–51) for the tangential
stress at r = r0.
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One of the first problems facing the designer is that of deciding whether the condi-

tions exist, or not, for a brittle fracture. Low-temperature operation, that is, operation

below room temperature, is a key indicator that brittle fracture is a possible failure

mode. Tables of transition temperatures for various materials have not been published,

possibly because of the wide variation in values, even for a single material. Thus, in

many situations, laboratory testing may give the only clue to the possibility of a brittle

fracture. Another key indicator of the possibility of fracture is the ratio of the yield

strength to the ultimate strength. A high ratio of Sy/Su indicates there is only a small

ability to absorb energy in the plastic region and hence there is a likelihood of brittle

fracture.

The strength-to-stress ratio K I c/K I can be used as a factor of safety as

n = K I c

K I

(5–38)

EXAMPLE 5–6 A steel ship deck plate is 30 mm thick and 12 m wide. It is loaded with a nominal uni-

axial tensile stress of 50 MPa. It is operated below its ductile-to-brittle transition tem-

perature with K I c equal to 28.3 MPa. If a 65-mm-long central transverse crack is

present, estimate the tensile stress at which catastrophic failure will occur. Compare this

stress with the yield strength of 240 MPa for this steel.

Solution For Fig. 5–25, with d = b, 2a = 65 mm and 2b = 12 m, so that d/b = 1 and a/d =
65/12(103) = 0.00542. Since a/d is so small, β = 1, so that

K I = σ
√

πa = 50
√

π(32.5 × 10−3) = 16.0 MPa
√

m

From Eq. (5–38),

n = K I c

K I

= 28.3

16.0
= 1.77

Table 5–1

Values of KIc for Some

Engineering Materials

at Room Temperature

Material KIc, MPa
√

m Sy, MPa

Aluminum
2024 26 455
7075 24 495
7178 33 490

Titanium
Ti-6AL-4V 115 910
Ti-6AL-4V 55 1035

Steel
4340 99 860
4340 60 1515
52100 14 2070
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The stress at which catastrophic failure occurs is 

Answer σc = K I c

K I

σ = 28.3

16.0
(50) = 88.4 MPa

The yield strength is 240 MPa, and catastrophic failure occurs at 88.4/240 = 0.37, or

at 37 percent of yield. The factor of safety in this circumstance is K I c/K I =
28.3/16 = 1.77 and not 240/50 = 4.8.

EXAMPLE 5–7 A plate of width 1.4 m and length 2.8 m is required to support a tensile force in the

2.8-m direction of 4.0 MN. Inspection procedures will detect only through-thickness

edge cracks larger than 2.7 mm. The two Ti-6AL-4V alloys in Table 5–1 are being con-

sidered for this application, for which the safety factor must be 1.3 and minimum

weight is important. Which alloy should be used?

Solution (a) We elect first to estimate the thickness required to resist yielding. Since σ = P/wt,

we have t = P/wσ. For the weaker alloy, we have, from Table 5–1, Sy = 910 MPa.

Thus,

σall = Sy

n
= 910

1.3
= 700 MPa

Thus

t = P

wσall

= 4.0(10)3

1.4(700)
= 4.08 mm or greater

For the stronger alloy, we have, from Table 5–1,

σall = 1035

1.3
= 796 MPa

and so the thickness is

Answer t = P

wσall

= 4.0(10)3

1.4(796)
= 3.59 mm or greater

(b) Now let us find the thickness required to prevent crack growth. Using Fig. 5–26, we

have

h

b
= 2.8/2

1.4
= 1

a

b
= 2.7

1.4(103)
= 0.001 93

Corresponding to these ratios we find from Fig. 5–26 that β
.= 1.1, and K I = 1.1σ

√
πa.

n = K I c

K I

= 115
√

103

1.1σ
√

πa
, σ = K I c

1.1n
√

πa
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From Table 5–1, K I c = 115 MPa
√

m for the weaker of the two alloys. Solving for σ

with n = 1 gives the fracture stress

σ = 115

1.1
√

π(2.7 × 10−3)
= 1135 MPa

which is greater than the yield strength of 910 MPa, and so yield strength is the basis

for the geometry decision. For the stronger alloy Sy = 1035 MPa, with n = 1 the frac-

ture stress is

σ = K I c

nK I

= 55

1(1.1)
√

π(2.7 × 10−3)
= 542.9 MPa

which is less than the yield strength of 1035 MPa. The thickness t is

t = P

wσall

= 4.0(103)

1.4(542.9/1.3)
= 6.84 mm or greater

This example shows that the fracture toughness K I c limits the geometry when the

stronger alloy is used, and so a thickness of 6.84 mm or larger is required. When the

weaker alloy is used the geometry is limited by the yield strength, giving a thickness of

only 4.08 mm or greater. Thus the weaker alloy leads to a thinner and lighter weight

choice since the failure modes differ.

240 Mechanical Engineering Design

12Review Chap. 20 before reading this section.

5–13 Stochastic Analysis12

Reliability is the probability that machine systems and components will perform their

intended function satisfactorily without failure. Up to this point, discussion in this chap-

ter has been restricted to deterministic relations between static stress, strength, and the

design factor. Stress and strength, however, are statistical in nature and very much tied

to the reliability of the stressed component. Consider the probability density functions

for stress and strength, � and S, shown in Fig. 5–31a. The mean values of stress and

strength are µσ and µS , respectively. Here, the “average” factor of safety is

n̄ = µS

µσ

(a)

The margin of safety for any value of stress σ and strength S is defined as

m = S − σ (b)

The average part will have a margin of safety of m̄ = µS − µσ . However, for the over-

lap of the distributions shown by the shaded area in Fig. 5–31a, the stress exceeds the

strength, the margin of safety is negative, and these parts are expected to fail. This

shaded area is called the interference of � and S.

Figure 5–31b shows the distribution of m, which obviously depends on the distri-

butions of stress and strength. The reliability that a part will perform without failure, R,

is the area of the margin of safety distribution for m > 0. The interference is the area
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S

(a)

f(
s)

,
f(

�
)

�

�� �s

Stress

m

R

(b)

f(
m

)

�m

Stress margin

0

(1 – R)

–� +�

1 − R where parts are expected to fail. We next consider some typical cases involving

stress-strength interference.

Normal-Normal Case

Consider the normal distributions, S = N(µS, σ̂S) and � = N(µσ , σ̂σ ). The stress

margin is m = S − �, and will be normally distributed because the addition or sub-

traction of normals is normal. Thus m = N(µm, σ̂m). Reliability is the probability p that

m > 0. That is,

R = p(S > σ) = p(S − σ > 0) = p(m > 0) (5–39)

To find the chance that m > 0 we form the z variable of m and substitute m = 0 [See

Eq. (20–16)]. Noting that µm = µS − µσ and σ̂m = (σ̂ 2
S + σ̂ 2

σ )1/2 , we write

z = m − µm

σ̂m

= 0 − µm

σ̂m

= −µm

σ̂m

= − µS − µσ
(

σ̂ 2
S + σ̂ 2

σ

)1/2
(5–40)

Equation (5–40) is called the normal coupling equation. The reliability associated with

z is given by

R =
∫ ∞

x

1√
2π

exp

(

− u2

2

)

du = 1 − F = 1 − �(z) (5–41)

The body of Table A–10 gives R when z > 0 and (1 − R = F) when z ≤ 0. Noting that

n̄ = µS/µσ , square both sides of Eq. (5–40), and introduce CS and Cσ where

Cs = σ̂s/µs and Cσ = σ̂σ/µσ . Solve the resulting quadratic for n̄ to obtain

n̄ =
1 ±

√

1 −
(

1 − z2C2
S

) (

1 − z2C2
σ

)

1 − z2C2
S

(5–42)

The plus sign is associated with R > 0.5, and the minus sign with R < 0.5.

Figure 5–31

Plot of density functions
showing how the interference
of S and � is used to obtain
the stress margin m. (a) Stress
and strength distributions.
(b) Distribution of interference;
the reliability R is the area of
the density function for m
greater than zero; the
interference is the area
(1 − R).
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Lognormal–Lognormal Case

Consider the lognormal distributions S = LN(µS, σ̂S) and � = LN(µσ , σ̂σ ). If we

interfere their companion normals using Eqs. (20–18) and (20–19), we obtain

µln S = ln µS − ln

√

1 + C2
S

σ̂ln S =
√

ln
(

1 + C2
S

)

(strength)

and

µln σ = ln µσ − ln

√

1 + C2
σ

σ̂ln σ =
√

ln
(

1 + C2
σ

)

(stress)

Using Eq. (5–40) for interfering normal distributions gives

z = − µln S − µln σ
(

σ̂ 2
ln S + σ̂ 2

ln σ

)1/2
= −

ln

(

µS

µσ

√

1 + C2
σ

1 + C2
S

)

√

ln
[(

1 + C2
S

) (

1 + C2
σ

)]

(5–43)

The reliability R is expressed by Eq. (5–41). The design factor n is the random variable

that is the quotient of S/�. The quotient of lognormals is lognormal, so pursuing the

z variable of the lognormal n, we note

µn = µS

µσ

Cn =
√

C2
S + C2

σ

1 + C2
σ

σ̂n = Cnµn

The companion normal to n = LN(µn, σ̂n), from Eqs. (20–18) and (20–19), has a mean

and standard deviation of

µy = ln µn − ln

√

1 + C2
n σ̂y =

√

ln
(

1 + C2
n

)

The z variable for the companion normal y distribution is

z = y − µy

σ̂y

Failure will occur when the stress is greater than the strength, when n̄ < 1, or when

y < 0.

z = 0 − µy

σ̂y

= −µy

σy

= − ln µn − ln
√

1 + C2
n

√

ln
(

1 + C2
n

)

=̇ −
ln
(

µn/
√

1 + C2
n

)

√

ln
(

1 + C2
n

)

(5–44)

Solving for µn gives

µn = n̄ = exp

[

−z

√

ln
(

1 + C2
n

)

+ ln

√

1 + C2
n

]

.= exp

[

Cn

(

− z + Cn

2

)]

(5–45)
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Equations (5–42) and (5–45) are remarkable for several reasons:

• They relate design factor n̄ to the reliability goal (through z) and the coefficients of

variation of strength and stress.

• They are not functions of the means of stress and strength.

• They estimate the design factor necessary to achieve the reliability goal before deci-

sions involving means are made. The CS depends slightly on the particular material.

The Cσ has the coefficient of variation (COV) of the load, and that is generally given. 

EXAMPLE 5–8 A round cold-drawn 1018 steel rod has an 0.2 percent yield strength Sy = N(78.4, 5.90)

kpsi and is to be subjected to a static axial load of P = N(50, 4.1) kip. What value of

the design factor n̄ corresponds to a reliability of 0.999 against yielding (z = −3.09)?

Determine the corresponding diameter of the rod.

Solution CS = 5.90/78.4 = 0.0753, and

� = P

A
= 4P

πd2

Since the COV of the diameter is an order of magnitude less than the COV of the load

or strength, the diameter is treated deterministically:

Cσ = CP = 4.1

50
= 0.082

From Eq. (5–42),

n �       � 1.416
1 �   1 � [1 �(�3.09)

2
(0.0753

2
)][1 �(�3.09)

2
(0.082

2
)]

1 �(�3.09)
2
(0.0753

2
)

The diameter is found deterministically:

Answer
d =

√

4P̄

π S̄y/n̄
=
√

4(50 000)

π(78 400)/1.416
= 1.072 in

Check Sy = N(78.4, 5.90) kpsi, P = N(50, 4.1) kip, and d = 1.072 in. Then

A = πd2

4
= π(1.0722)

4
= 0.9026 in2

σ̄ = P̄

A
= (50 000)

0.9026
= 55 400 psi

CP = Cσ = 4.1

50
= 0.082

σ̂σ = Cσ σ̄ = 0.082(55 400) = 4540 psi

σ̂S = 5.90 kpsi

From Eq. (5–40)

z = − 78.4 − 55.4

(5.902 + 4.542)1/2
= −3.09

From Appendix Table A–10, R = �(−3.09) = 0.999.
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EXAMPLE 5–9 Rework Ex. 5–8 with lognormally distributed stress and strength.

Solution CS = 5.90/78.4 = 0.0753, and Cσ = CP = 4.1/50 = 0.082. Then

� = P

A
= 4P

πd2

Cn =
√

C2
S + C2

σ

1 + C2
σ

=

√

0.07532 + 0.0822

1 + 0.0822
= 0.1110

From Table A–10, z = −3.09. From Eq. (5–45),

n̄ = exp
[

−(−3.09)
√

ln(1 + 0.1112) + ln
√

1 + 0.1112
]

= 1.416

d =
√

4P̄

π S̄y/n̄
=
√

4(50 000)

π(78 400)/1.416
= 1.0723 in

Check Sy = LN(78.4, 5.90), P = LN(50, 4.1) kip. Then

A = πd2

4
= π(1.07232)

4
= 0.9031

σ̄ = P̄

A
= 50 000

0.9031
= 55 365 psi

Cσ = CP = 4.1

50
= 0.082

σ̂σ = Cσµσ = 0.082(55 367) = 4540 psi

From Eq. (5–43),

z = −

ln





78.4

55.365

√

1 + 0.0822

1 + 0.07532





√

ln[(1 + 0.07532)(1 + 0.0822)]
= −3.1343

Appendix Table A–10 gives R = 0.99950.

Interference—General

In the previous segments, we employed interference theory to estimate reliability when the

distributions are both normal and when they are both lognormal. Sometimes, however, it

turns out that the strength has, say, a Weibull distribution while the stress is distributed

lognormally. In fact, stresses are quite likely to have a lognormal distribution, because the

multiplication of variates that are normally distributed produces a result that approaches

lognormal. What all this means is that we must expect to encounter interference problems

involving mixed distributions and we need a general method to handle the problem.

It is quite likely that we will use interference theory for problems involving distri-

butions other than strength and stress. For this reason we employ the subscript 1 to
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designate the strength distribution and the subscript 2 to designate the stress distribu-

tion. Figure 5–32 shows these two distributions aligned so that a single cursor x can be

used to identify points on both distributions. We can now write

(

Probability that

stress is less

than strength

)

= dp(σ < x) = d R = F2(x) d F1(x)

By substituting 1 − R2 for F2 and −d R1 for d F1, we have

d R = −[1 − R2(x)] d R1(x)

The reliability for all possible locations of the cursor is obtained by integrating x

from −∞ to ∞; but this corresponds to an integration from 1 to 0 on the reliability R1.

Therefore

R = −
∫ 0

1

[1 − R2(x)] d R1(x)

which can be written

R = 1 −
∫ 1

0

R2 d R1 (5–46)

where

R1(x) =
∫ ∞

x

f1(S) dS (5–47)

R2(x) =
∫ ∞

x

f2(σ ) dσ (5–48)

Figure 5–32

(a) PDF of the strength
distribution; (b) PDF of the
load-induced stress
distribution.

f1(S)

dF1(x) =  f1(x) dx

f2(�)

dx
S

�

Cursor

R2(x)

F2(x)

(a)

(b)

x


