STATICS
1 CONCENTRATED FORCES AND
MOMENTS

Nomenclature

a
A
c
d
E
f
F
H
I
J
L

m
M
N
p
P
r

S
T
w

horizontal distance from
point of maximum sag
area
parameter in catenary equations
distance
modulus of elasticity
coefficient of friction
vertical force
horizontal component of tension
moment of inertia
polar moment of inertia
length, cable length from
point of maximum sag
mass
moment
normal force
pressure
load, or product of inertia
radius of gyration
maximum cable sag
tension, or temperature
load per unit weight , or weight

ft
ft2
ft
ft
lbf/ft2
lbf
lbf
ft4
ft4
ft
slugs
ft-lbf
lbf
lbf/ft2
lbf, ft4
ft
ft
lbf, °F
lbf/ft, lbf

6
P

coefficient of linear
thermal expansion
deflection
density

Subscripts

c
i
R
s

centroidal, or concrete
the ith component
resultant
steel

1/°F
ft
lbm/ft 3

11.1
11.2
11.3

Is = F (cos Os )
Fv = F (cos Oy
Fz = F (cos OA
)
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Figure 11.1

Symbols

a

Forces are vector quantities having magnitude, direction, and location in 3-dimensional space. The direction of a force F is given by its direction cosines, which
are cosines of the true angles made by the force vector
with the x, y, and z axes. The components of the force
are given by equations 11.1, 11.2, and 11.3.
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Components of a Force F

A force which would cause an object to rotate is said to
contribute a moment to the object. The magnitude of
a moment can be found by multiplying the magnitude
of the force times the appropriate moment arm. That
is, M.F.d.
The moment arm is a perpendicular distance from the
force's line of application to some arbitrary reference
point. This reference point should be chosen to eliminate one or more unknowns. This can be done by choosing the reference as a point at which unknown reactions
are applied.
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Moments also can be treated as vector quantities, and
they are shown as double-headed arrows. Using the
right-hand rule as shown, the direction cosines again are
used to give the x, y, and z components of a moment
vector . 1
Mz = M (cos 0z )
My = M (cos ey)
Mz = M (cos O z)
imi = vim2x mu2
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11.7

through point A located at (x, y, z) and produces moments given by equations 11.8, 11.9, and 11.10.
Mz = yFz — zF y
My = zFx — xFz
Mz = xFy — yF z

11.8
11.9
11.10

Any two equal, opposite, and parallel forces constitute
a couple. A couple is statically equivalent to a single
moment vector. In figure 11.4, the two forces, F1 and
F2, of equal magnitude produce a moment vector Mz
of magnitude Fy. The two forces can be replaced by
this moment vector which then can be moved to any
location on the object.
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If the distribution is triangular and increases to a maximum of w pounds per unit length as x increases,
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FABA w = 100 lb/ft

j

FBC
w = 50 lb/ft

Components of a Moment M
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11.15

1 0v

Moment vectors have the properties of magnitude and
direction, but not of location (point of application).
Moment vectors can be moved from one location to another without affecting the equilibrium of solid bodies.

I

F = 1wL

.... ,....

Figure 11.4 A Couple

A

B
24 ft

I

11.13
11.14

F = wL
=

Find the magnitude and the location of the resultant of
the distributed loads on each span of the beam shown.

......

Z

In the case of a straight beam under transverse loading,
the magnitude of F equals the area under the loading
curve.2 The location of the resultant force coincides
with the centroid of that area. If the distributed load
is uniform so that w is constant along the beam,

Example 11.1
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Figure 11.2

11.4
11.5
11.6
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2 DISTRIBUTED LOADS

For span A-B:

If an object is loaded by its own weight or by another
type of continuous loading, it is said to be subjected
to a distributed load. Provided that the load per unit
length, w, is acting in the same direction everywhere,
the statically equivalent concentrated load can be found
from equation 11.11 by integrating over the line of application.
FR =

FY

f

w dx

11.11

The location of the resultant is given by equation 11.12.

-- F x -N1411/444b,„

=

..

'..
I M Y >,.....................
point A is located -.
,
at (x,y,z)
"'•. ,I, ..." .-.--Y

f (w x) dx

1 The right-hand rule: Close your right hand in such a way that
your fingers curl in the direction of the force (i.e., of rotation).
Your thumb will point along the axis of the moment.

Hydrostatic pressure is an example of a pressure load
that is distributed over an area. The pressure is denoted
as p pot nds per unit area of surface. It is normal to
the surface at every point. If the surface is plane, the
statically equivalent concentrated load can be found by
integrating over the area. The resultant is numerically
equal to the average pressure times the area. The point
of application will be the centroid of the area over which
the integration was performed.
,

4 RESOLUTION OF FORCES AND
MOMENTS

Any system (collection) of forces and moments is statically equivalent to a single resultant force vector plus a
single resultant moment vector in 3-dimensional space.
Either or both of these resultants may be zero.
The x-component of the resultant force is the sum of all
the x-components of the individual forces, and similarly
for the y- and the z-components of the resultant force.

AC

FR z = E Fi (cos 0s,%)

11.17

FRy =

E F, (cos )

11.18

FR, =

E Fi (cos 0.z,i)

11.19

36 ft

The area under the loading curve is
1
2 (100)(24) = 1200 pounds. The centroid of the loading triangle is ( ) (24)
= 16 feet from point A. Therefore, the
triangular load on the span A-B can
be replaced (for the purposes of statics) with a concentrated load of 1200
pounds located 16 feet from the left
end.

The determination of the resultant moment vector is
more complex. The resultant moment vector includes
the moments of all system forces around the reference
axes plus the components of all system moments.
MRx = E(Y2F z — Z i F ,z )

Emi(coso.,,)

11.20

MRy =

Emz (cos 0y ,z )

11.21

mz(cosoz,z)

11.22

— xt Fz ,z )

For span B-C: The area under the loading curve is

(50)(36) + 1(50)(36) = 2700 lbs
The centroid of the trapezoid is
36 [(2)(100) + 50] _
20 ft from pt C
3 (100 + 50)

R
6

4

3 PRESSURE LOADS

MR z =

Ecxyy,, —

11.12

FR

Figure 11.3 Coordinates of a Point A

If a force is not parallel to an axis, it produces a moment around that axis. The moment is evaluated by
finding the components of the force and their respective distances to the axis. In figure 11.3, a force acts

11-3

X

loading curve
centroid

Figure 11.5 A Distributed Load and Resultant

Therefore, the distributed load on span B-C can be
replaced (for the purposes of statics) with a concentrated load of 2700 pounds located 20 feet to the left of
point C.
2
Loading is said to be transverse if its line of action is perpendicular to the length of the beam.

5 CONDITIONS OF EQUILIBRIUM
An object which is not moving is said to be static. All
forces on a static object are in equilibrium. For an object to be in equilibrium, it is necessary that the resultant force vector and the resultant moment vectors be
equal to zero.
11.23

FR = VF 2R , F 2Rv F 2R, = 0

MR = \IM2R.

22 =
M2R5 M R

0

11.24

114
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Since the square of any quantity cannot be negative,
equations 11.25 through 11.30 follow directly from equations 11.23 and 11.24.

Conventional symbols can be used to define the type of
reactions which occur at each point of support. Some
examples are shown in table 11.1.

FR s =

Fx = 0

11.25

FRy =

Fy = 0

11.26

Example 11.2

F Rz =

Fz

11.27

Find the reactions R1 and

=

0

E mx = 0
MR y = E my = 0
MR z = E mz = 0
MR x =

STATICS
Table 11.1
Common Support Symbols

type of support
Built-in

500

Roller

61117..ZMII Load normal to surface
only; no moment

Cable

Load in cable direction;
no moment

Guide

No load or moment in
guide direction

11.29

A free-body diagram is a representation of an object in

equilibrium, showing all external forces, moments, and
support reactions. Since the object is in equilibrium, the
resultant of all forces and moments on the free-body is
zero.
If any part of the object is removed and replaced by the
forces and moments which are exerted on the cut surface, a free-body of the remaining structure is obtained,
and the conditions of equilibrium will be satisfied by the
new free-body.
By dividing the object into a sufficient number of freebodies, the internal forces and moments can be found
at all points of interest, providing that the conditions
of equilibrium are sufficient to give a static solution.

7 REACTIONS

A typical first step in solving statics problems is to determine the supporting reaction forces. The manner
in which the structure is supported will determine the
type, the location, and the direction of the reactions.

R

1

2 • l'•:•:•."

Since the left support is a simple support, its reaction
can have any direction. R1 can, therefore, be written
in terms of its x and y components, Ri,x and R1 ,y ,
respectively. R2 is a roller support which cannot sustain
an x component.

773.77":"
.

Load in any direction;
no moment

Hinge

From equation 11.25, choosing forces to the right as
positive, R1, x is found to be zero.

E Fx = R1 ,

=0

Equation 11.26 can be used to obtain a relationship between the y components of force. Forces acting upward
are considered positive.

Once R2 is known, R1,y is found easily from equation
11.26.
E Fy = R1 ,y + 425 — 500 = 0
R1,y = 75

If a unit load is at the left end, reaction RA will be
equal to 1. If the unit load is at the right end, it will
be supported entirely by RB, 80 RA will be zero. The
influence line for RA is
1

E Fy = R1,y + R2 — 500 = 0
Since both R1,y and R2 are unknown, a second equation
is needed. Equation 11.30 is used. The reference point
is chosen as the left end to make the moment arm for
R1 ,y equal to zero. This eliminates R 1 ,y as an unknown,
allowing R2 to be found directly. Clockwise moments
are considered positive.

E Mleft end = ( 500)( 17 ) — (R2)(20) = 0
R2 = 425
i

--01E7N

1.
1

_41......1

1'

8 INFLUENCE LINES FOR REACTIONS

An influence line (influence graph) is an x-y plot of the
magnitude of a reaction (any reaction on the object) as
it would vary as the load is placed at different points
on the object. The x-axis corresponds to the location
along the object (as along the length of a beam); the yaxis corresponds to the magnitude of the reaction. For
uniformity, the load is taken as 1 unit. Therefore, for
an actual load of P units, the actual reaction would be
given by equation 11.31.

A ...at_

Example 11.3

Alk

Draw the influence graphs of the left and right reactions
for the beam shown.

iMMILIIIM
•
RAA'

15'

length along the

beam

15

The influence line for RB is found similarly. •

15

11.31

1

j!k
Figure 11.6 Original and Cut Free-bodies

influence
value

9 AXIAL MEMBERS

actual
[influence graphl
=P
ordinate
reaction

A

A

characteristics
Moments and forces in
any direction
Load in any direction;
no moment

Simple

R2.

17

6 FREE-BODY DIAGRAMS

symbol

20

11.28

11.30

11,5

'A

B

A member which is in equilibrium when acted upon by
forces at each end and by no other forces or moments
is an axial member. For equilibrium to exist, the resultant forces at the ends must be equal, opposite, and
collinear. In an actual truss, this type of loading can be
approached through the use of frictionless bearings or
pins at the ends of the axial members. In simple truss
analysis, the members are assumed to be axial members, regardless of the end conditions.
A typical inclined axial member is illustrated in figure
11.7. For that member to be in equilibrium, the following equations must hold.

I
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FRx=FBx - FA x = 0
FR y F B y -

F Ay = 0

11.32
11.33

STATICS

9.19
- (180) = 137.9
T2()
Fx =
Fy =

step
B

D
)60'

) (180) = 115.7

21.65 ft
\30 .

A

E

C

,

R

10 TRUSSES
1•

This discussion is directed toward 2-dimensional
trusses. The loads in truss members are represented
by arrows pulling away from the joints for tension, and
by arrows pushing toward the joints for compression. 3

The resultant force, FR, can be derived from the components by trigonometry and direction cosines.
FRy = F R COS Ox
FRY = FR cos Oy = FR sin Ox

11.36

180

If the left-hand side is greater than the right-hand side,
indeterminate methods must be used to solve the truss.
If the left-hand side is less than the right-hand side, the
truss is not rigid and will collapse under certain types
of loading.

there are three unknowns at joints B and
D. Therefore, start with joint A where there
are only two unknowns (AB and AC). The
free-body of joint A is shown below. The
direction of R1 is known. However, the directions of the member forces usually are not
known and need to be found by inspection
or assumption. If an incorrect direction is
assumed, the force will show up with a negative sign in later calculations.
AB

A.

F x = 180 (cos 40 0 ) = 137.9
F 2 = 180 (cos 50 ° ) = 115.7
method 2: Similar Triangles

F

F

x

AC

A. METHOD OF JOINTS

method 1: Direction Cosines

The method of joints is a direct application of equations
11.25 and 11.26. The sums of forces in the x- and ydirections are taken at consecutive joints in the truss.
At each joint, there may be up to two unknown axial
forces, each of which may have two components. Since
there are two equations of equilibrium, a joint with two
unknown forces will be determinate.
Example 11.5

Y

step 5: Resolve all inclined forces into horizontal

and vertical components.
AB, = 1732
ABy = 1000
BC, = BC (sin 30°) = 0.5BC
Bey = BC (cos 30°) = 0.866BC
step 6: Write the equations of equilibrium for

joint B.

E F, = 1732 + 0.5BC - BD = 0
E Fy = 1000- 0.866BC = 0

step 2: Although we want the force in member BD,

All joints in a truss will be determinate, and all member
loads can be found if equation 11.36 holds.

Find the force in member BD in the truss shown.
3 The method of showing tension and compression on a truss
drawing appears incorrect. This is because the arrows show the
forces on the joints, not the forces in the axial members.

BD

BC

From equation 11.26, the sum of the forces
(vertical positive) in the y direction must be
zero.

R 1 = 1000

# truss members = 2 (# joints) - 3

BC.

50 feet

E Fy =R1 - 2000 + 1000 =

Example 11.4

..

50 feet

E MA = 100 (R2) - 2000 (50) = 0
F

Figure 11.8 Truss Notation

/ ..3.40.
180
9.19

A
.1

tice that the direction of force AB is toward
the joint, just as it was for joint A. The direction of load BC is chosen to counteract
the vertical component of load AB. The direction of load BD is chosen to counteract
the horizontal components of loads AB and

R2 = 1000

If, however, the geometry of the axial member is known,
similar triangles can be used to find the resultant and/or
the components. This is illustrated in example 11.4.

/0,
1.....5..?'
731

2

tion 11.29, the sum of moments must be
zero. Taking moments (counterclockwise as
positive) about point A gives R2-

method of sections.

11.34
11.35

A 12' long axial member carrying an internal load of
180 pounds is inclined as shown. What are the x- and
y-components of the load?

R

•,..

.4 : Draw the free-body diagram of joint B. No-

step 1: Find the reactions R1 and R2. From equa-

The equations of equilibrium can be used to find the
external reactions on a truss. To find the internal resultants in each axial member, three methods can be used.
These methods are method of joints, cut-and-sum, and

Figure 11.7 An Axial Member

t 2000 lb

1

11-7

kk 1000
step 3: Resolve all inclined forces on joint A into

horizontal and vertical components using
trigonometry or similar triangles. R1 and
AC already are parallel to the y and x axes,
respectively. Only AB needs to be resolved
into components. By observation, it is clear
that ABy = 1000. If this were not true,
equation 11.26 would not hold.
ABy = AB (sin 30° )
1000 = AB (0.5) or AB = 2000
AB, = AB (cos 30°) = 1732

BC from the second equation is found to be

1155. Substituting 1155 into the first equilibrium condition equation giyes
1732 + 0.5 (1155) - BD =0 •
BD = 2310

Since BD turned out to be positive, its direction was
chosen correctly. The direction of the arrow indicates
that the member is compressing the pin joint. Consequently, the pin is compressing the member, and member BD is in compression.
B. CUT-AND-SUM METHOD
The cut-and-sum method can be used if a load in an
inclined member in the middle of a truss is wanted.
The method is strictly an application of the equilibrium condition requiring the sum of forces in the vertical direction to be zero. The method is illustrated in
example 11.6.
Example 11.6

Find the force in member BC for the truss shown in
example 11.5.

11 8

STATICS

CIVIL ENGINEERING REFERENCE MANUAL

-

step 1: Find the external reactions. This is the same
step as in example 11.5. R1 = R2 = 1000.

For member force CE, the truss is cut at section 1.
BC

step 2: Cut the truss through, making sure that the

cut goes through only one member with a
vertical component. In this case, that member is BC.

CE

E

ut

V

AA

I
i 1

ee'''........".............."....

5000

2000

2000

Taking moments about A will eliminate all unknowns
except force CE.

-..'...........*************%.......%.*%.,,.

I

step 8: Draw the free-body of either part of the re-

maining truss.
Cut

E MA

11-9

12 CABLES

B. CABLES UNDER DISTRIBUTED LOADS

A. CABLES UNDER CONCENTRATED LOADS

An idealized tension cable under a distributed load is
similar to a linkage made up of a very large number of
axial members. The cable is an axial member in the
sense that the internal tension acts in a direction which
is along the centerline of the cable everywhere.

An ideal cable is assumed to be completely flexible. It
acts as an axial member in tension between any two
points of concentrated load application.
The method of joints and sections used in truss analysis
applies equally well to cables under concentrated loads.
However, no compression members will be found. As
in truss analysis, if the cable loads are unknown, some
information concerning the geometry of the cable must
be known in order to solve for the axial tension in the
segments.

Figure 11.10 illustrates a cable under a unidirectionally
distributed load. A free-body diagram of segment B-C
of the cable also is known. F is the Vertical resultant of
the distributed load on the segment.

CE = 3000
For member CD, the truss is cut at section 2. Taking moments about point F will eliminate all unknowns
except CD.

1000

Cable Under Transverse Loading

Figure 11.9
step

:

Resolve the unknown inclined force into vertical and horizontal components.
Example 11.8

BC x = 0.5 (BC)
BCy = 0.866 (BC)

Find the tension

free-body.

E MF = CD (25) + 2000(20) + 2000(40) — 5000(60)

BC = 1155

=0
CD = 7200

C. METHOD OF SECTIONS
The cut-and-sum method will work only if it is possible
to cut the truss without going through two members
with vertical components.

11 SUPERPOSITION OF LOADINGS

The method of sections is a direct approach for finding
member loads at any point in a truss. In this method,
the truss is cut at an appropriate section, and the conditions of equilibrium are applied to the resulting freebody. This is illustrated in example 11.7.

For any group of forces and moments which satisfies
the conditions of equilibrium, the resultant force and
moment vectors are zero. The resultant of two zero
vectors is another zero vector. Therefore, any number
of such equilibrium systems can be combined without
disturbing the equilibrium.

Example 11.7

Superposition methods must be used with discretion in
working with actual structures since some structures
change shape significantly under load. If the actual
structure were to deflect so that the points of application of loads were quite different from those in the
undeflected structure, superposition would not be applicable.

For the truss shown, find the load in members CE and
CD.
D
c
12
,
,
,
.
8

4

•

\

t

2000
5000

s,

,

25 ft
%
,

,

t
2000
2000
2000
6 equal spans of 20 feet each

t
2000

)11k
6000

T3

E MA = aFi + bF2 + dT3 cos 03

E Fy = 1000 — 0.866 (BC) = 0

,

between points B and C.

step 1: Take moments about point A to find

step 5: Sum forces in the y direction for the entire

.,,

T2

In simple truss analysis, the change of shape under load
is neglected when finding the member loads. Superposition, therefore, can be assumed to apply.

— CT3 sin 03 = 0
step 2: Sum forces in the x direction to find T 1 .

E Fx = T1 cos 01 — T3 cos 03 = 0

cr

Figure 11.10 Cable Under Distributed Load
T is the cable tension at point C, and H is the cable
tension at the point of lowest sag. From the conditions
of equilibrium for free-body B-C, it is a6parent that
the three forces, H, F, and T, must be concurrent at
point 0. Taking moments about point C, the following
equations are obtained.

E mc = Fb — Hy = 0
, Fb
=—

T3sine3

11.37
11.38

115.- T3cosO3

But tan 0 = (f). So,

H=—
tan0

11.39

From the summation of forces in the vertical and horizontal directions,

step 8:

Sum forces in the x direction at point B to
find T2.

E FE =

T2 COS 02 —

T1 cos 01 = 0

T cos 0 = H
TsinO =F
T = VH2 + F2

11.40
11.41
11.42

The shape of the cable is a function of the relative
amount of sag at point B and the relative distribution

_1

11 10
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(not the absolute magnitude) of the applied running
load.

is known, the cable geometry and forces are defined by
the remaining equations.
y = c {cosh (9]
c
s = c [sinh -( -)]
c
y , .V82 ± c2

C. PARABOLIC CABLES
If the distribution load per unit length, w, is constant
with respect to a horizontal line (as is the load from a
bridge floor), the cable will be parabolic in shape. This
is illustrated in figure 11.11.

50 '

The floor weight per cable is 28/2= 14 lb/ft. From
equation 11.45,

i

M

From equation 11.47,

tan° =
Figure 11.11

[1+

\ (12) 2 (2

(12 ) 4 1

= 51.9 feet

T - VH 2

11.43
( wa 2 \ 2
2S )

± F2

If the distributed load, w, is constant along the length
of the cable (as in the case of a cable loaded by its own
weight), the cable will have the shape of a catenary.
This is illustrated in figure 11.12.

tv.\/2.2

Y

4

(Sa )

11.47

Example 11.9

A pedestrian bridge has two suspension cables and a
flexible floor. The floor weighs 28 pounds per foot. The
span of the bridge is 100 feet between the two end supports. When the bridge is empty, the tension at point A
is 1500 pounds. What is the cable sag, S, at the center?
What is the approximate cable length?

11.56

Example 11.11

11.57

Beam ABC is supported by the two cables as shown.
The connection at A is pinned (hinged). Find the cable
tensions T1 and T2-

lb

step 1: For the 180 pound load,

The distance between supports is
Figure 11.12 A Catenary

2

(a) [1 +1 (S) a

Em= 0.

50 =37.5 {sinh -)]
c
37.5
a = 41.2 feet

11.46

The approximate length of the cable from the lowest
point to the support is given by equation 11.47.

step 8: Solve for unknowns using EF = 0 and

25 = 050)2 +c2
c= 37.5
From equation 11.49,

2

= 2H

and reactions.

c

The shape of the cable is given by equation 11.46.
WX

W8

step 2: Draw three free-bodies of the structure-one
each for the x, y, and z components of loads

c S = Vs2 c2

11.45

2S

11.53
11.54
11.55

reactions. This usually is accomplished by
finding the x, y, and z coordinates of all
points and then using direction cosines.

From equation 11.50 at point D, with S = 25,

(wx)2 11.44

2

11.52

step 1: Determine the components of all loads and

A cable 100' long is loaded by its own weight. The sag
is 25', and the supports are on the same level. What is
the distance between the supports?

EY Os

a2

11.51

The static analysis of 3-dimensional structures usually
requires the following steps.

Example 11.10

The cable length is 2 x 51.9 = 103.8 ft.
D. THE CATENARY

Fb wa2
y
28

11.50

H
H
cos 0 = =
T

Parabolic Cable

The horizontal component of tension can be found from
equation 11.38 using F=wa, b= .1a, and y=S.

11.49

S = c [cosh (I) - 1]
c
s
tan 0 = C
H = wc
F = ws
T = wy

1500 = 141/[25? [
(5,08)212
S = 12 feet

L .50

11.48

13 3-DIMENSIONAL STRUCTURES

As shown in figure 11.12, y is measured from a reference
plane located a distance c below the lowest point of the
cable, point B. The location of this reference plane is a
parameter of the cable which must be determined before
equations 11.48 through 11.53 are used. The value of c
does not correspond to any physical distance, nor does
the reference plane correspond to the ground.
The equations of the catenary are presented below.
Some judgment usually is necessary to determine which
equations should be used and in which order. To define
cable shape, it is necessary to have some initial information which can be entered into the equations. For
example, if a and the sag S are given, equation 11.51
can be solved by trial and error to obtain c. Once c

(2a) = (2)(41.2) = 82.4 feet
r

Providing that the lowest point, B, is known or can
be found, the location of the cable supports at different
levels does not significantly affect the analysis of cables.
The same procedure is used in proceeding from point B
to either support. In fact, once the theoretical shape of
the cable has been determined, the supports can be relocated anywhere along the cable line without affecting
the equilibrium of the supporting segment.
D'
Id
"'''
theoretical line

-

A 1111. cable
-

Non-Symmetrical
Segment of Symmetrical Cable

Figure 11.13

F. =0
Fy = -.180
F, =0
For the 100 pound load,
F. =0
Fy =0
F, = -100
For cable 1:
cos Ox = cos 120° = -0.5
cos Oy = 0
COS ez = cos 30° = 0.866
T 1 . = -0.5T1
T1 1, =0
T 1, =0.866T 1

11-12

STATICS

CIVIL ENGINEERING REFERENCE MANUAL
For cable 2: The length of the cable is

Fx =-- F (cos Ox )
Fy = F (cos 0y )
F, = F (cos Oz )

L = V(2a) 2 + (-2a) 2 + (-a) 2 = 3a
2a
cos Oz = - = -0.667
3a
2a
cos Oy =
-= 0.667

11.58
11.59
11.60

a
cos 0, = a = -0.333
3a
T2 x = -0.667T2
T2y = 0.667T 2
T2 z = -0.333T2

11-13

The solution to this set of simultaneous equations is
+1531 (tension)
FB = -3480 (compression)
Fc = +2841 (tension)
FA =

15 PROPERTIES OF AREAS

A. CENTROIDS
PC

The location of the centroid of a 2-dimensional area
which is defined mathematically as y = f(x) can be
found from equations 11.68 and 11.69. 4 This is illustrated in example 11.13.

step 2:
Ti x
Fi x -310"-I

T2x

0.667T2

Ry

t 180
0.866T 1

step 2: Using the x, y, and z coordinates of points
A, B, and C (taking the origin at the apex),
find the direction cosines for the legs. Repeat the following four equations for each
member, observing algebraic signs of x, y,
and z.
L2 = x2 ± y2

100 + 0.333T 2

Rz

step 8: Summing moments about point A for the y
case gives T2.

T2 =

0.667T2 (2a) - 180(a) = 0
135

Summing moments about point A for the z case gives
Tl .

E mAy = 0.866T1 (a) - 0.333(135) (2a) - 100(2a)
=
T, = 335

±Z

2

7.Y.,

11.63

,,
z
cos az = -7,

11.64

0
A
B
C

0x A

FB COS

0x B

Fc cos O xc

FA COS ey A

FB COS

003

Fc cos

FA COS

FA coS

zA

FB COS

The new coordinates with the origin at the apex are
Point

step 3: Write the equations of equilibrium for joint
0. The following simultaneous equations assume tension in all three members. A minus
sign in the solution for any member indicates
compression instead of tension.

0z g

F x = 0 11.65
+ F y -= 0

11.66

Fc cos Ozo F z = 0 11.67

x

y

z

0
2
0
-3

0
-2
3
3

0
-6
-10
-4

The procedure given in the preceding section will work
with a tripod consisting of three axial pin-ended members with a load in any direction applied at the apex.
However, the tripod problem occurs frequently enough
to develop a specialized procedure for solution.

Find the load on each leg of the tripod shown.

11.69

A = f f (x) dx

11.70
11.71

Example 11.13

Find the x component of the centroid of the area bounded by the x and y axes, x = 2, and y = e 2x.

The components of the applied force are
F x = F (cos Ox ) = F [cos (0° )[ = 1000
Fy = 0
F, = 0

step 1: Find the area.
2

The direction cosines of the legs are found from the
following table.
Member x2 y2 z 2 L 2 L cosO,

A=

f

e2xclx = [ie2102

= 27.3 - 0.5 = 26.8

cosOy cosO,

0-A 4 4 36 44 6.63 0.3015 -0.3015 -0.9046
0-B 0 9 100 109 10.44 0
0.2874 -0.9579
0-C 9 9 16 34 5.83 -0.5146 0.5146 -0.6861

Example 11.12

11.68

dA = f (x) dx = 1(y) dy

11.62

14 GENERAL TRIPOD SOLUTION

step 1: Use the direction cosines of the force, F, to
find its components.

11.61

Since the apex is not at point (0, 0, 0), it is necessary
to transfer the origin to the apex. This is done by the
following equations. Only the z values are affected.

„
x
cos 1v = -f,
a
COS Il y =-

E MAz =

_ f x dA
x=
A
_ f y dA
Y=
A

Figure 11.14 A General Tripod

step 2: Put dA in terms of dx.
dA = f (x) dx = e 2iclx

Point
0
A
B
C

x
0
2
0
-3

y
0
-2
3
3

z
6
0
-4
2

From equations 11.65, 11.66, and 11.67, the equilibrium
equations are
0.3015FA+

-0.5146Fc+1000 = 0

- 0.3015FA+0.2874FB+0.5146Fc+ 0 = 0
- 0.9046FA - 0.9579FB - 0.6861Fc +

0=0

step 3: Use equation 11.68 to find Y.
1

2

1

2
Y = - f Xe 2X dX = - 1-1Xe2x - 42x1
4
10
26.8 L 2
26 .8 Jo
= 1.54

4 The centroid also is known as the first moment of the area.
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With few exceptions, most areas for which the centroidal location is needed will be either rectangular or
triangular. The locations of the centroids for these and
other common shapes are given as an appendix of this
chapter.
The centroid of a complex 2-dimensional area which can
be divided into the simple shapes in appendix A can be
found from equations 11.72 and 11.73.
E(AiTi)
.composite

E Ai

omposite =

E(AiVi)

Ai

11.72
11.73

Example 11.14

Find the y-coordinate of the centroid for the object
shown.

If the moment of inertia is a resistance to bending, it
is apparent that this quantity always must be positive.
Since bending of an object (e.g., a beam) can be in
any direction, the resistance to bending must depend on
the direction of bending. Therefore, a reference axis or
direction must be included when specifying the moment
of inertia.
In this chapter, Ix is used to represent a moment of
inertia with respect to the x axis. Similarly, 4 is with
respect to the y axis. Is and 4 are not components
of the "resultant" moment of inertia. The moment of
inertia taken with respect to a line passing through the
area's centroid is known as the centroidal moment of
inertia, I. The centroidal moment of inertia is the
smallest possible moment of inertia for the shape.
The moments of inertia of a function which can be expressed mathematically as y = f (x) are given by equations 11.74 and 11.75.
= y2 dA
/y = f x 2 dA

8

1

Example 11.15

The object is divided into three parts: a 1 x 4 rectangle,
a 3 x 7 rectangle, and a half-circle of radius 1. Then, the
areas and distances from the x-x axis to the individual
centroids are found.

Find 4 for the area bounded by the y axis, y = 8, and
1/2 = 8x.

=

4=f

=

4 + 21 - 1.57

8

8

x 2 dA f x 2 (8 - y) clx

But y =

Using equation 11.73,

(1) + ( 21) (4k) - (1.57)(7.576)

The polar moment of inertia -of a 2-dimensional area
can be thought of as a measure of the area's resistance
to torsion (twisting). Although the polar moment of
inertia can be evaluated mathematically by equation
11.76, it is more expedient to use equation 11.77 if /X
and 4 are known.
jz f ( x 2 + y 2) dA

11.76

Jz=Ix +Iy

11.77

The radius of gyration, r, is a distance at which the
entire area can be assumed to exist. The distance is
measured from the axis about which the moment of
inertia was taken.
/ = r2A
r = \r/
A

= 3.61

4=f

8

(8x2 - -AxS)

dx = 195.04 inches4

Example 11.16

B. MOMENT OF INERTIA
The moment of inertia, I, of a 2-dimensional area is a
parameter which often is needed in mechanics of materials problems. It has no simple geometric interpretation, and its units (length to the fourth power) add to
:le mystery of this quantity. However, it is convenient
) think of the moment of inertia as a resistance to
ending.

11.78
11.79

0.5"

6"

The T-section is divided into two parts: A and B. The
moment of inertia of section B can be evaluated readily
by using appendix A.
6"
0.5"

(6)(0.5) 3

= 0.25
3
The moment of inertia of the stem about its own
centroidal axis is
/x-x -=

Example 11.17

What is the radius of gyration for the section shown in
example 11.16? What is the significance of this value?
A= (5)(4 + 4) =40
From equation 11.79,

Y2 -4

(4)

/ = (5)(8)3 = 213.3 inches4
c
12

r = N/

= 8 - 0.424 = 7.576

-

8

= (1)(4) = 4
A2 = (3)(7) = 21
A3 = (- 1) (1) 2 = -1.57
Yi

11 15

From appendix A,

11.74
11.75

In general, however, moments of inertia will be found
from appendix A.

4
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1

What is the centroidal moment of inertia of the area
shown?

213.3
= 2.31 inches
40

=

2.31" is the distance from the axis c-c that an infinitely
long strip (with area of 40 square inches) would have to
be located to have a moment of inertia of 213.3 inches 4 .
The parallel axis theorem usually is needed to evaluate
the moment of inertia of a composite object made up of
several simple 2-dimensional shapes. 5 The parallel axis
theorem relates the moment of inertia of an area taken
with respect to any axis to the centroidal moment of inertia. In equation 11.80, A is the 2-dimensional object's
area, and d is the distance between the centroidal and
new axes.
'any parallel axis = -rc Ad 2

11.80

Example 11.18

Find the moment of inertia about the x axis for the
2-dimensional object shown.
5 This theorem also is known as the transfer axis theorem.

(1)(4) 3

= 5.33
12
Using equation 11.80, the moment of inertia of the stem
about the x-x axis is
= 5.33+ (4)(2.5) 2 = 30.33
The total moment of inertia of the T-section is
0.25 + 30.33 = 30.58 inches 4
C. PRODUCT OF INERTIA
The product of inertia of a 2-dimensional object is found
by multiplying each differential element of area times
its x and y coordinates, and then integrating over the
entire area.
11.81
Psy = f xy dA
The product of inertia is zero when either axis is an axis
of symmetry. The product of inertia may be negative.
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Friction also exists between a belt, rope, or band
wrapped around a drum, pulley, or sheave. If T1 is
the tight side tension, if T2 is the slack side tension,
and if is the contact angle in radians, the relationship
governing belt friction is given by equation 11.107.

11.93

Friction is a force which resists motion or attempted
motion. It always acts parallel to the contacting surfaces. The frictional force exerted on a stationary object is known as static friction or coulomb friction. If
the object is moving, the friction is known as dynamic
friction. Dynamic friction is less than static friction in
most situations.

The location of the center of gravity often is obvious
for simple objects. It always is located on an axis of
symmetry. If the object is complex or composite, the
overall center of gravity can be found from the individual centers of gravity of the constituent objects.

The actual magnitude of the frictional force depends on
the normal force and the coefficient of friction, f, between the object and the surface. For an object resting on a horizontal surface, the normal force is the
weight, w.
11.103
fN = fw
Ff

= Ix sin2 9 + 2P

'

,

1

11.82

cos 20 - Pxy sin 20
11.83
11.84
0 cos 0 + I , cos2 0

PRIV = -ix sin 0 cos 0 + Pxy (cos2 0- sin2 0)
- IY sin 0 cos 0
(ix iy ) sin 20 + Pzy cos 20

=1

-

11.86
11.87

Since the polar moment of inertia about a fixed axis is
constant, the sum of the two area moments of inertia is
also constant.
11.88
I +I=I+I
There is one angle that will maximize the moment of
inertia, I. This angle can be found from calculus by
setting di/d0 = 0. The resulting equation defines two
angles, one of which maximizes Iu , the other of which
minimizes I.
2P
11.89
tan 20 =
The two angles which satisfy equation 11.89 are 90°
apart. These are known as the principal axes. The moments of inertia about these two axes are known as the
principal moments of inertia. These principal moments
are given by equation 11.90.
/max, min =

f z dm

=

11.85
4..
,

11.92

Rotation of Axes

cos2 e - 2Pxy sin 0 cos 0 + /v sin2 0

L

11.91

_ f y drra

u

Figure 11.15

f x dm

=

V.

.e°..."

(is + ly) \

-

1.0 2 + P2y
1

1.90

17 PROPERTIES OF MASSES
A. CENTER OF GRAVITY
The center of gravity in 3-dimensional objects is analogous to centroids in 2-dimensional areas. The center of

-

Typical values of the coefficient of friction are given in
table 11.2.

Suppose the various properties of an area are known
for one set of axes, x and y. If the axes are rotated
through an angle without rotating the area itself, the
new properties can be found from the old properties.
v

11 17

18 FRICTION

gravity can be located mathematically if the object can
be described by a mathematical function.

16 ROTATION OF AXES

STATICS

I

2

na
6 positk

-ficomposite'

-2-composite =

11.94
11.95

The frictional force again is equal to the product of the
normal force and the coefficient of friction.

E(rrivt)

11.96

F f -= fN = f w cos 0

Ix

-

( x2 + z2)

11.97
11.98

f (x + y 2) dm

11.99

The centroidal mass moment of inertia is found by evaluating the moment of inertia about an axis passing
through the object's center of gravity. Once this centroidal mass moment of inertia is known, the parallel
axis theorem can be used to find the moment of inertia
about any parallel axis.
'any parallel axis ==

rirtd2

11.100

The radius of gyration of a 3-dimensional object is defined by equation 11.101.
r

- /2L
V
r2m

Figure 1 1.1 7 Belt Friction

torque = (T1

Ix = f (y2 + z2 ) dm

11.101
11.102

1

The transmitted torque in ft-lbf is

B. MASS MOMENT OF INERTIA

f

T

11.105

Ff

The mass moment of inertia can be thought of as a
measure of resistance to rotational motion. Although
it can be found mathematically from equations 11.97,
11.98, and 11.99, it is more expedient to use appendix
B to evaluate simple objects.

11.107

If the object is resting on an inclined surface, the normal
force will be
11.104
N w cos 0

IarrtiM

m2

r9 ,2

1

-

T2 ) r

The power in ft-lbf/sec transmitted by the belt running
at speed v in ft/sec is

11011 1)

power = (T1 - T2 ) v
0
Figure 11.16

11.108

Frictional Force

The object shown in figure 11.16 will not slip down the
plane until the angle reaches a critical angle known as
the angle of repose. This angle is given by equation
11.106.
11.106
tan0 = f

Table 11.2

Approximate Coefficients of Friction
material
cast iron on cast iron
plastic on steel
grooved rubber on pavement
bronze on steel
steel on graphite
steel on steel
steel on steel
steel on asbestos-faced steel
steel on asbestos-faced steel
press fits (shaft in hole)

condition dynamic
dry
dry
dry
oiled
dry
dry
oiled
dry
oiled
oiled

0.15
0.35
0.40

0.42
0.08

static
1.10
0.55
0.09
0.21
0.78
0.10
0.15
0.12
0.10-0.15

11.109

STATICS
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Appendix B: Mass Moments of Inertia

Appendix A: Centroids and Area Moments of Inertia
SHAPE

DIMENSIONS
y

t

Rectangle

CENTROID

AREA MOMENT OF INERTIA

11'

'

0

h

x'

_+_
0 4

(m is in slugs; lengths are in feet)

I x , = (1/121bh 3
I N,. = (1 /12)hb 3
l x = (1/3113h3
I = (1/3)hb 3
Y
J c -- (1/12)bh(b 2 + 11 2 )

( 1/2b, 1/2h)

C
— x

11-19

,

1 y = i z = (1/12)mL 2

z'

l y , = l e = (1/3)mL 2

Slender - rod

L

b -----*

■

i

l x = (1 /12)(b 2 +c2 ) m
',
'

Triangle

(1 /36)bh,3
I x = CI /121bh'

y c = (h/3)
,

y

OA .

Thin rectangular plate

=(.,,,,2)mc2

,,=,1,12)mb2

..4_ b
..e.__. b
I

Trapezoid

B

QuarterCircle, of
radius r

Ix =

h(2B + b)
3(B + b)

y

'

h 3 (B 2 +4Bb+b 2 )
36(B+b)

, x =c1,12,m(b2+c2)

, =

h 3 (B+3b)
12

Y

Rectangular
Parallelepiped

I, = (1 /12)m(a 2 +b2 )
,
l x ,--(1/12)m(4b 2 +c2 )

Note that this is measured
from the top surface.

111

„

4r/a), (4r/370)

x

■

1„=,= (1/16)71r 4
Thin disk, radius r

Jo = (1/8)1Tr 4

Ailk

l x = l y = (1/8)7N 4
X

(0, (4r/370)

Jo = 1/411Y4

I x , = .11r

l x = '1/2mr 2

, =, =

Alt

,
Half
Circle, of
radius r

Y

goy

ilk

4

Circular cylinder,
radius

_ ly
Ix -

l x = 1/2mr 2

(0,0)

Jo , wirr 4

I

h

x

I

z

= lz
2 +L2 )
1
V = (/121m(3r

x

11,

-41(— 2a —0-

Parabolic
Area

z....____

i

lx = (3/10)mr 2

h --------__„
Circular cone,
base radius r

Iy = Iz
x

= (3/5)m(1/2r 2 +h2 )

l x = 4h 3a/7
(0, (3h/5))

I

Y

I x = ly = I,

= 4ha 3 /15

= (2/5)mr 2

0 y

Sphere, radius r

l x = ah 3 /21

—

.

4110

y = kx 2
Parabolic
Spandrel

% mr 2

z

P

L

Circle, of
radius r

(1/12)m(c 2 +a2 )

I
((3a/4),(3h/10))

Y

= 3ha 3 /15

I
Hollow circular
cylinder

x

2
2
= 1/2m(r 0 + r i )
, irpL (r 4
2g c 0

_ r4.)
i
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Practice Problems: STATICS

STATICS

4. Find the forces in members DE and HJ.

Ontimed

9. Replace the distributed load with three concentrated loads. Indicate the points of application.

4 kips each
BW

1. Find the forces in all members of the truss shown
1600 lbf

Hy

ANL
1 10 Kips
E*

700 lbf/ft

Jw
linear—

/1

20'

8000 lbf

6'

10. Find the forces in all members of the truss shown.

AN

C 4,,

G4

E4

elA 1._

WIN I

Fy

Dw

11-21

I 4

K4

.,,- ,.•

1 zg+ Kips

F*

60 kips each

8'

B

A
--.

t

6 panels of 30' each = 180'

4.5 kips
3 @ 9 = 27

5. What are the x, y, and z components of the forces at
A, B, and C?

8'

2. Find the forces in each of the legs.
12'

0
— x

7 12000

6000

(0, 12, 0)
F = 1200i + 0] + Ok

B
4

...a

S

14

4

i

6. A power line weighs 2 pounds per foot of length. It
is supported by two equal height towers over a level
forest. The tower spacing is 100 feet and the midpoint sag is 10 feet. What are the maximum and minimum tensions?

(5, 0,0)

I
6

7. What is the sag for the cable described in problem
#6 if the maximum tension is 500 pounds?
8. Locate the centroid of the object shown.

3. Find the centroidal moment of inertia about an axis
parallel to the x-axis.

8'

46 j

4'

IiI

12'

