
13  INDETERMINATE 
STRUCTURES 

Nomenclature 

A 	area 
C 	carry-over factor 
COM 	carry-over moment 
D 	distribution factor 
E 	modulus of elasticity 
F 	fixity factor 
I 	moment of inertia 
k 	spring constant 

ft2 
- 
ft-lbf 
- 
lbf/ft2 
- 
in4 
ft-lbf/radian 

1 INTRODUCTION 

A structure that is statically indeterminate is one for 
which the equations of statics are not sufficient to de-
termine all reactions, moments, and internal stress clis-
tributions. Additional formulas involving deflection are 
required to completely determine these unknowns. Al-
though there are a large number of problem types which 
are statically indeterminate, this chapter is primarily 
concerned with the following cases: 

K 	stiffness factor ft-lbf • Beams on more than two supports  
L 	length ft 
M 	moment ft-lbf • Trusses with more than 2(# joints)-3 members 

P 	load lbf • Rigid frames 
R 	relative stiffness, or reaction ft-lbf, or lbf 
S 	force in truss member lbf The degree of redundancy is equal to the number of re- 

be 	in 
T 	temperature °F actions or members that would have to 	removed 

For 
u 	dummy force in truss member lbf order to make the structure statically determinate. 

is 
w 	continuous load lbf/ft example, a two-span beam on three simple supports 

x* 	distance to centroid 
redundant to the first degree. 	 • • 

of moment diagram ft 
2 CONSISTENT DEFORMATION 

The method of consistent deformation can be used to 
evaluate simple structures consisting of two or three 

Symbols members in tension or compression. 	This method is 

o 	deflection ft simple to learn and apply. The method makes use of ge- 

g 	stress lbf/ft 2  ometry to develop relationships between the deflections 

a 	coefficient of (deformations) between different members or locations 
thermal expansion 1/°F on the structure. 

0 	angle radians 
A 	deflection ft Example 13.1 

A pile is constructed of concrete with a steel jacket. 
What are the stresses in the steel and concrete if a load 
P is applied? Assume the end caps are rigid and the 

Subscripts 	 steel-concrete bond is perfect. 

BM bending moment 
F 
	L 	 R

A s 

c 	concrete 	 A c /A114/7  

M 	due to moment M 	 P 	 P  

P 	due to force P 	
---0... .:.. 6  • I • . %. • • . . ..■ vIE 	 My 

! : 1 ' -. -: . ' ! '' . • . ' '. . . : ' 

s 	steel 	
.." 



13.7 + R2 = P 

L 

61 = 	 
AE 

13.8 
The required equilibrium condition is 

The elongation of section 2 due to the reaction R2 is RI +R2 =P 	 13.15 
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If the horizontal bar remains horizontal, then Si = 62. 	Example 13.6 

Ril, 	R21,2 	 13.18 	
Write two equilibrium conditions for the three tension 

	

= A2E2 	 members. 

The deformation of the steel is 

s 	P,L 
" 	

13.2 

Similarly, the deflection of the concrete is 

s  PL 
13.3 CAE 

But, 6, = 58  since the bonding is perfect. Therefore, 

PL P,L 
A cEe -  A sE, ° 	

13.4 
 

Equations 13.1 and 13.4 are solved simultaneously to 
determine Pe  and P„. The respective stresses are: 

P, 

	

or, =- 	 13.5 
As  

Pc 

	

= - 	 13.6 
Ac  

Example 13.2 

A uniform bar is clamped at both ends and the axial 
load applied near one of the supports. What are the 
reactions? 

AE 
11 'AP -.NMI 

R 	 Lie.- R2 

% P 

L 	 L2 	 

The first required equation is 

The shortening of section 1 due to the reaction R 1  is 

However, the bar is continuous, so 51 = -52. Therefore, 

//ILI = R2L2 	 13.10 

Equations 13.7 and 13.10 are solved simultaneously to 
find R1  and R2. 

A 

	

AiEi 	A2 E2 
 

	

1+- L I 	L2-•••-1 

The thermal deformations of sections 1 and 2 can be 
calculated directly. 

	

= aiLiAT 	 13.11 

	

62 = a2L2AT 	 13.12 

The total deformation is 6 = 61  + 62 . However, the 
deformation can also be calculated from the principles 
of mechanics. 

RL i  RL2 
- 	 13.13 

AiEl A2E2 

Combining equations 13.11 through 13.13 produces an 
equation that can be solved directly for R. 

Li 	 L2 
(CY1L1 a2L2)AT = 	

+ 

A2E2

) R 	13.14 

Example 13.4 

The beam shown is supported by dissimilar members. 
What are the forces in the members? Assume the bar 
is rigid and remains horizontal.' 

s 	RiLl 
ul  = AiE1 	

13.16 

s 	R2L2 
u2  - A2E2 	

13.17 

Notice that the location of force P is not specified. 

Equations 13.15 and 13.18 are solved simultaneously to 

find RI and R2. 

Example 13.5 

The beam shown is supported by dissimilar members. 
The bar is rigid, but is not constrained to remain hori- 
zontal. What are the reactions in the vertical members? 

The forces in the supports are R1, R2, and R3. Any 
of these may be tensile (positive) or compressive (neg-
ative). 

+ R2 ± R3 = P 	 13.19 

The changes in lengths are 

s  &Li 

AiE1 	
13.20 

ul   

R2 L2  
02 = A L, 	 13.21 

112-E/2 

R3L3 
03 =  	 13.22 

Since the bar is rigid, the deflections will be propor-
tional to the distance from point G. 

d2 
62 = 61 + ( 53 - 61) 	13.23 

u,3 

Moments can be summed about point G to give a third 
equation. 

MG = R3d3 R2d2 - Pdp = 0 	13.24 

The equilibrium requirement is 

Ply + P3 + P2 = P 	 13.25 

Pi cos 01 + P3 + P2 COS 02 = P 	13.26 

Assuming the elongations are small compared to the 
member lengths, the angles 01 and 02 are unchanged. 
Then, 

P3L3 = P2L2  
13.27 

A 	cos 01 A3E3 A2E2 cos 02 

Equations 13.26 and 13.27 can be solved simultaneously 
to find Pl., P2, and P3. (It may be necessary to work 
with the x-components of the deflections in order to find 
a third equation.) 

3 USING SUPERPOSITION WITH-' 
STATICALLY INDETERMINATE BEAMS 

Continuous beams and propped cantilevers that are in-
determinate to the first degree can often be solved by 
superposition. 2  This method requires finding the de-
flections with one or more of the supports removed, and 
then satisfying the given boundary conditions. 

step 1: Remove the redundant supports to reduce 
the structure to a statically determinate con-
dition. 

step 2: Calculate the deflections at the previous lo-
cations of redundant supports. Use consis-
tent sign conventions. 

step 3: Apply each redundant support as a load, and 
find the deflections at the redundant support 
points as functions of the redundant support 
forces. 

2  Actually, this method can also be used with higher order inde-
terminate problems. However, the simultaneous equations that 
must be solved may make this method unattractive for manual 
solutions. 
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Let Pc  and P, be the loads carried by the concrete and 
steel respectively. Then, 

Pc + Ps = P 	 13.1 

rxarnple 13.3 

The non-uniform bar shown is clamped at both ends. 
What are the reactions if a temperature change of AT 
is experienced? 

R2L2 	 The elongations of the two tension members are 
52 = 	 13.9 

AE 
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step 4: Use superposition to combine (i.e., add) the 
deflections due to the actual loads and the 
redundant support "loads." The total de-
flections must agree with the known deflec-
tions (usually zero) at the redundant sup-
port points. 

Example 13.7 

Determine the reaction, S, at the prop. 
P 

I 	A C t prop 
support, S 

Start by removing the unknown prop reaction at point 
C. The cantilever that results is statically determinate. 
The deflection and slope at point B can be found or 
derived from the beam equations. 

-PL3  
oB = 	 

	

 3E1 	
13.28 

-PL3  

	

Yll  = 2E1 	
13.29 

 

The slope remains constant to the right of point B. 
Therefore, the deflection at point C due to the load at 
point B is 

OC,P = (5B + y iBL 

-5PL3  
13.30 

6E1 

The upward deflection at the cantilever tip due to the 
prop support, S, alone is 

S(2L) 3  8SL 3  
6c's = 3E1 =  3E1 	

13.31 

Now, it is known that the actual deflection at point C 
is zero (the boundary condition). Therefore, the prop 
support, S, can be determined as a function of the ap-
plied load. 

	

Oc,s + 8c,p = 0 	 13.32 

8SL3  5PL3  
	 =0 	 13.33 

3E1 6E1 

5P 
S=- 	 13.34 

16  

4 INDETERMINATE TRUSSES: DUMMY 
UNIT LOAD METHOD 

Due to the time required, it is unlikely that you would 
manually work with an indeterminate truss with more 
than one redundant member. Therefore, the following 
method is written specifically for trusses that are inde-
terminate to the first degree. 

step 1: Draw the truss twice. Omit the redundant 
member on both trusses. (There may be a 
choice of redundant members.) 

step 2: Load the first truss (which is now determi-
nate) with the actual loads. 

step 3: Calculate the forces, S, in all of the mem-
bers. Assign a positive sign to tensile forces. 

step 4: Load the second truss with two unit forces 
acting colinearly towards each other along 
the line of the redundant member. 

step 5: Calculate the force, u, in each of the mem-
bers. 

step 6: Calculate the force in the redundant member 
from equation 13.35. 

_ r  sAnEL, 

Sredundant =  	13.35 

E 

If AE is the same for all members, 

- E  SuL 
Sredundant = 	 13.36 E u2L 

The true force in member j of the truss is 

Pi,true = Si + (Sredundant)Iii 	13.37 

Example 13.8 

Find the force in members BC and BD. AE = 1 for 
all members except for CB, which is 2, and AD, which 
is 1.5. 

c 	 30'  
D 

f■ 	 A -4WD- 1000 

30 

A 

The two trusses are shown appropriately loaded. 

1000 

member L AE 	S 	a 	SuL 	L 
AE AE 

AB 
BD 

30 
30 

1 
1 

0 
-1000(C) 

-0.707(C) 
-0.707 

0 
21,210 

15 
15 

DC 30 1 0 -0.707 0 15 
CA 30 1 0 -0.707 0 15 
CB 42.43 2 0 1.0 0 21.22 
AD 42.43 1.5 1414(T) 1.0 39,997 28.29 

61,207 109.51 

From equation 13.35, 

SBc 
= -61 207 
 109.51 
	= -558.9 (C) 

From equation 13.37, 

PBD,true = -1000 + (-558.9)( - 0.707) = - 604.9 (C) 

5 INTRODUCTION TO THE MOMENT 
DISTRIBUTION METHOD3  

The moment distribution method is extremely powerful. 
It can be used on beams of almost any complexity. It 
converges rapidly to a solution, despite the fact that the 
method is essentially an iterative process. Furthermore, 
the moment distribution method is easily learned. 

A o 	
B 

, 
\  OBv 

Figure 13.1 Simply-Supported Beam with a Couple 

Consider the simply-supported beam shown in figure 
3 The moment distribution method was, at one time, also known 
as the Cross method, having been named after Professor Hardy 
Cross.  

13.1. (The type of loading is not important, as only gen-
eral relationships are being developed.) The deflection 
angles OA and OD can be found from the moment-area 
method. 

If a simply-supported beam is acted upon by a clockwise 
couple (a moment) at one end as shown in figure 13.1, 
the angles of rotation will be given by equations 13.38 
and 13.39. 

40 	MAL 
1 

	

yA  = 3E1 	
3.38 

 
-MAL 

1 

	

= 6E1 	
3.39 

 

Figure 13.1 is particularly important because the equi-
librium of the beam is not dependent on whether the 
moment is applied and the forces react, or whether the 
forces are applied and the moment reacts. If the forces 
are applied to the beam in figure 13.1, the moment de-
velops to keep the beam end horizontal. A moment that 
is required to keep a beam end horizontal is known as 
a fixed -end moment. 4  

Any moment that would rotate an end of a beam clock-
wise is positive. Similarly, any moment that would ro-
tate an interior joint clockwise is positive. 

Being able to find the fixed-end moments at both ends 
of a loaded beam is absolutely necessary to the success 
of the moment distribution method. Extensive tables 
are available that contain the fixed-end moments for 
almost every conceivable loading. Appendix B is one 
such collection. 

Example 13.9 

The beam shown is acted upon by a moment At the 
right end. What is the relationship between the applied 
moment, Mg, and the fixed-end moment, MA? 

MB 

B A 

From equation 13.39, the angle of rotation at the left 
end due to a moment at the right end is 

- MB L 

6E1 	
13.40 

The angle at the left end due to the fixed-end moment 
at the left end is given by equation 13.38. 

MAL 
0A,MA  3E1 	

13.41 

4 	• Fixed-end moments are usually given double subscripts to in- 
dicate the location of the moment as well as the loaded span. For 
example, MAE would be a fixed-end moment at end A caused by 
forces along the span AB. 
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However, OA = 0, so 8A,AIB  + 0A,M A  = 0. Or, 

MB L  MA L 
6E1 	3E1 	

13.42 

	

MA = 1MB 	 13.43 

6 SIGNS OF FIXED-END MOMENTS 

Determining the proper sign for fixed-end moments can 
sometimes be confusing. The phrase "positive moments 
make the beam smile" simply does not work with end 
moments. 

End moments are the moments that the support must 
apply to the beam to keep the beam (or joint) from ro-
tating. The common convention is that clockwise mo-
ments acting on the beam at supports are positive. 
What is confusing is that a beam acted upon by a single 
force can have both positive and negative end moments. 

Consider the beam in figure 13.2(a). If the ends were 
simply supported, the deflection curve would appear as 
figure 13.2(b). Since the actual deflection curve is as 
shown in figure 13.2(c), there must be moments acting 
on the ends (i.e., end moments). The moment at the left 
end is counterclockwise, and therefore, negative. The 
moment at the right end is clockwise, and therefore, 
positive. 

(a) 
 II

/ P  

A B 

FEM 	 FEM 

fl (7)  
(c) 

Figure 13.2 A Simple Case of End Moments 

Even though the beam in figure 13.2 "smiles," and we 
usually say it is acted upon by a positive moment, the 
moments exerted by the fixed supports are both positive 
and negative. 

Another case is that of a moment applied directly to 
a beam, as in figure 13.3(a). The same rules and sign 
conventions can be used to determine the signs of the 
end moments. 

If the beam had simply supported ends, the deflection 
curve would be as in figure 13.3(b). Since the ends are 
actually horizontal due to the fixed support, there must 
be end moments preventing the rotation. Both of these 
end moments are positive, as shown in figure 13.3(c). 

(a)I 	  

(b)

 

FEM 

(c)I 	  
CD I 

FEM 

Figure 13.3 End Moments Due to Direct Moment 

Finally, consider the case of a force on a cantilever span. 
There is no moment at the free end, of course. However, 
the built-in end is fixed against rotation. Therefore, 
there is a fixed-end moment acting. As is the conven-
tion, clockwise moments are positive. 

IF 

(a) ' 	  

(b) 

(c) 	 111 G) 
FEM 

Figure 13.4 End Moment on a Cantilever Support 

7 BEAM STIFFNESS 

From example 13.9, it is seen that a moment at one 
end of a simply-supported beam is partially transmitted 
to a fixed end. This transmitted moment is known as 
a carry-over moment, and the ratio of the carry-over 

moment to the original moment is known as the carry-

over factor, C. In example 13.9, C was 1. 

The carry-over factor can be determined for various de-
grees of fixity. The fixity is specified by a fixity factor, 

F, which varies from 0 (for a pin end) to 1 (for a built-in 

end). 5  

C = 	
2F 
	 13.44 
3 + F 

The product El is known as the stiffness of the beam. 

The relative stiffness is 

EI 

	

R= T 	 13.45 

The angular spring constant is known as the stiffness 
factor, K. 

K = —
0 
 = (3 + F)R 	13.46  

It is possible to generalize about the moment required 
to produce a given angle of rotation. Equation 13.47 
gives the moment for a simply supported beam. 

3E10 
MAB  	 13.47 

Equation 13.47 could have been derived by using equa-
tion 13.46. Since F = 0 for a pinned end or simply-

supported end, 

3E10 
MAB = KO =3R0 = 	 13.48 

If the beam is built-in at an opposite end, the moment 
required to produce an angle 0 can be derived using 

equation 13.46 with F =1. 

MAB = 4E10 	 13.49 

Therefore, beams with built-in ends are 4/3 as stiff as 
beams with pinned ends. 

8 DISTRIBUTION FACTORS 

Consider the joint B illustrated in figure 13.5(a). The 
joint rigidly connects a complex beam that is simply 
supported at ends A and D, but is fixed at end C. The 

relative stiffnesses are R 1 , R2, and R3 respectively for 

beams BA, BC, and BD. A moment U is applied to 

the joint B. The joint will rotate as shown in figure 
13.5(b). 

This is fixity against rotation, not fixity against translation. 
A simply-supported beam is completely fixed against translation, 
but it is still free to rotate. 

A 	Olg  

	

R1 	) 	R 2 

° B 
R 3 

	

D._ 	, 

M BAC u  

M BC 

BD 

Figure 13.5 A General Joint 

A free body diagram of joint B is shorn in figure 
13.5(c). It is clear that the rotation will continue until 
the moment U is resisted by the stiffness of the beams. 

U = MBA+ MBC MBD 	13.50 

However, knowing OB gives the values of MBA>MBC> 

and MBD from equations 13.48 and 13.49. 

	

U = 31:110B + 4R20B +3R30.8 	13.51 

The individual resisting moments, and —BA, MBC> 
MBD, can be found. MBA, for example, is 

	

MBA 	 3R1OB 	13.52 
U 	3R10/3 + 4/120B + 3R3Os 

Since OB cancels, 

	

MBA =U (Ki + ICK21  + K3) 	
13.53 

A 
(a) 

(b) 

(c) 



step 1: Divide the beam into independent spans, 
with all ends assumed to be built-in. 

step 2: Calculate the relative stiffness of each mem-
ber. Overhanging spans have R = 0 by def-
inition. Both E and I can be given a value 
of 1.0 if they are constant along the entire 
span. 

EI 
13.56 R= 

L 

step 8: At each joint, balance any unbalanced mo-
ments by distributing a counter moment 
among the connecting members according to 
their distribution factors. Add the following 
counter moments for balancing: 

at a built-in end: zero 
at an interior joint: -(unbalance) 
at a pinned end: -(unbalance) 
at a partially 

restrained end: -(1-F)(unbalance) 

step 3: Determine the fixity factors, F, for the beam 
t 9 joints. F = 0 when the joint is simply sup- s ep 

ported or is otherwise free to rotate (i.e., 
the joint cannot impart a resisting moment). 
F = 1 when the joint is built-in or is a con-
tinuous support. 

step 4: Calculate the stiffness factors, K. F in equa- 
tion 13.57 is the value associated with the 
opposite or facing joint, not the joint's own 

	

value of F. Therefore, F = 0 is used when 	step 10 

the joint faces a simply-supported free end. 

K = (3 + Fopposite)R 13.57 

6 There are several different versions of the moment distribution 
method. The standard method is to set C = for all joints, and 
to always calculate K = 4R. The procedure presented here uses 
modified stiffness factors (i.e., modified by F) and converges more 
quickly than the standard method. However, the distribution 
factors calculated by the two methods will not be the same, even 
though the final fixed-end moments will be. 

These distributed balancing moments pro-
duce carry-over moments at the opposite 
ends of members equal to the distributed 
moment times the carry-over factors, with 
the same signs as the distributed balancing 
moment. The carry-over moment appears at 
the opposite end from the location where the 
balancing moment was applied. 

Repeat steps 6 and 7 until sufficient accu-
racy is obtained. Unless there is just one 
distribution (as in a 2-span beam), end the 
distribution process with a distribution, not 
a carry-over. The final fixed-end moment at 
the end of a member is equal to the alge-
braic sum of the original fixed-end moments 
and all distributed balancing and carry-over 
moments. The final moment is the moment 
on the beam end, not the moment on the 
support due to the loads. 

13-8 
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Similarly, 

MBC = (Ki  +  KK  22  +  K3 ) 	13.54 

MBD = ( 	K3 	) 	13.55 
+ K2 + K3 

9 MOMENT DISTRIBUTION METHOD 
PROCEDURE 

The following steps constitute the moment distribution 
method. 6  

step 5: Calculate the distribution factor based on 
the stiffness factors for all spans tributary 
to the joint. By definition, D = 0 at built-in 
ends, since the support absorbs all the load. 
Also, D = 1 at any simply-supported end. 

D =  	 13.58 E K 

step 7: Calculate the fixed-end moments using ap-
pendix B and the actual transverse loading 
on each span. 

Example 13.10 

Find the moments at points A, B, and C. 

3/ft 
2/ft 

11111111111 

El = 2 	
B 	

E I = 3 
A t  

step 1: Divide the beam into spans A-B and B-C. 

1111111111111111111 

A 

step 2: 

I 
RBA = 2/12 =1/6 

RBc = 3/16 

step 6: 

CAB =  

CBA =0 

'-'BC = 

CCB = 

step 7: Work with span BC, assuming both ends are 

fixed. The moment at B is caused 1;)37 the ap-
plied load. The applied moment is clockwise, 
and therefore it is positive. However, fixed-
end moments are the resisting moments, and 
the resisting moment at B is counterclock-
wise. From appendix B, the fixed-end mo-
ment at joint B is 

	

—W 1.2 	-(3)(16) 2  
— —64 MBC 	 12 = 	12 

MGR = +64 

Now, work with span BA, still assuming 
both ends are fixed. 

From equations 13.53, 13.54, and 13.55, the moment U 
is distributed to the three spans in proportion to the 
ratios of the stiffness factors. The quantities in paren- 

step 6: Determine the carry-over factors for ends. 

theses are known as distribution factors since they dis- 
As in step 4, the values of F used are from 

tribute the applied moment, U, over all resisting beams. 	
the beam's opposite ends. 

c 	2Fopposite  
3 + Fo 	

13.59
pposite 

step 3: 

FAB = 0 since the end is free to rotate. 

FBA =1 

FBC -= 1 

FCB =1 

step 4: Calculate KAB based on FBA (the fixity fac- 
tor for the opposite end of span AB). 

KAB = (3 + 1) () = 3 

Calculate KBA based on FAR. 

KBA = (3 + 0) 	= 

KBc and KCB are both the same. 

ICBC = KCB = (3 + 1) 	= —12 3 
16 	16 — 

step 5: D = 1 for joint AB, since any moment there 
must be transmitted to some other joint. 
D = 0 for joint CB, since the built-in sup-
port absorbs all moments. The only other 
joint in the structure is B. 

3 
4 	 + 3  + 0 6 DBC = 3 	+ 5 + • 
+  

1 
2  = 25  = 0.4 DBA = 3  
± 

-(2)(12) 2  

	

MAR = 	= -24 
12 

MBA = +24 

At this time, it is necessary to start a table to 
keep track of the results of the calculations. 

MAB MBA MBC MCB 

	

FEM -24 	24 -64 	64 

step 8: At joint A, there is a -24 moment that is not 
balanced. Since joint A is a pinned end,that 
cannot carry any moment, the moment there 
must be removed. This is done by adding 
+24 to that joint. Since joint A has only 
one 'side,' the entire +24 is added to MAB• 

MAR MBA MEC MCB 

FEM 	-24 	24 -64 	64 

Balance +24 

At joint B, there is an unbalance of 
(24 - 64) = -40. So, this must be bal-
anced by adding +40 to joint B. However, 

joint B goes in two directions (towards A 

and C), so the +40 must be distributed to 
spans BA and BC in proportion to their 
stiffnesses. The distribution factors were 
previously found to be 0.4 and 0.6 for MBA 
and MBc respectively. 

Balance MBA = (0.4)(40) = 16 

Balance MBc = ( 0.6)(40) = 24 



8.( 

sh( 

MC 
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MAB  MBA MBC MCB 
FEM 	-24 	24 -64 	64 
Balance 	24 	16 	24 

The support at joint C was assumed fixed in 
step 1. Since it actually is fixed, no correc-
tion is required. 

MAB MBA MBC MCB 

step 9: The balancing moments produce carry-over 
moments. If we add +24 to MAB, we must 
also add (24) = 12 to MBA since the carry-
over factor CAB = . Similarly, the rest of 
the following table is prepared. 

MAB MBA MBC MCB 
FEM 	-24 	24 -64 	64 
Balance 	24 	16 	24 	0 
COM 	0 > 12 	0 > 2 

step 10: However, now the addition of the carry-over 
moments has unbalanced the beam again. 
So, the process must be repeated from step 8. 

step 8, repeated: At joint A: No carry -over moment 
was applied, so no balancing is needed. 

At joint B: The total carry-over moment ap-
plied was (12 + 0) = 12. So, a balancing 
moment of -12 is needed. The -12 is dis-
tributed to MBA and MBc according to 

MBA = (0.4)(-12) = -4.8 

AlBc = (0.6)(-12) = -7.2 

At joint C: Joint C is actually fixed, so the 
carry-over moment of 12 is balanced by the 
beam's support. No balancing moment is 
needed. 

step 9, repeated: Using the carry-over factors, we 
add 0 to MA and -3.6 to McB. 

MAB MBA MBC MCB 
FEM 
1st Balance 

	

-24 	24 

	

24 	16 

	

-64 	64 

	

24 	0 
1st COM  0>4: 12 0.>< 12 
2nd Balance 0 	-4.8 -7.2 	0 k.,., 
2nd COM 0)<•• 0 0 4"--3.6 

step 10, repeated: Since the -3.6 is balanced by the 
external support at joint C, and since all 
other terms are zero, no further work is re-
quired. 

MAB = -24 + 24 = 0 

MBA = 24 + 16 + 12 - 4.8 = 47.2 

10 DRAWING SHEAR AND MOMENT 
DIAGRAMS FROM FIXED-END 
MOMENTS 

It is generally easy to obtain the shear and moment 
diagrams from the distributed fixed-end moments. Cal-
culate the reactions at the ends of each span by taking 
moments about each end in turn. Be sure to consider 
the signs of the span end-moments as determined by 
the distribution. 

Example 13.11 

Determine the reactions, moment diagram, and shear-
diagram for the beam evaluated in example 13.10. 

2/ft 

A 	HI1L1 1 1 1 1 1 1 1H1 11 B 

12' 
M=O 	 M = +47.2 

3/ft 

B 	 I 	 ti 

16' 
M = -47.2 	 M = +72.4 

First, work with the left span. Sum moments about 
point A. 

E MA : 0 + 47.2 + (1) (2)(12) 2  - 12RB = 0 

RB = 15.93 

To find the reaction at point A, sum moments about 
point B. 

E MB : 0 + 47.2 - (1) (2)(12) 2  + 12RA = 0 

RA = 8.07 

Now, work with the right span. Sum moments about 

point B to find the reaction at point C. 

E MB -47.2 + 72.4 + (1) (3)(16) 2  - 16Ro = 0 

= 25.58 

Sum moments about point C to find the reaction at 

point B. 

E m-c : -47.2 + 72.4 - (1) (3)(16) 2  + 16RB = 0 

RB = 22.43 
22.43 

Example 13.12 
Draw the moment diagram for the beam shown. All 
sections of the beam have the same value of El. 

L 
El 
R 

12 
1 
1/12 

24 
1 
1/24 

16 
1 
1/16 

F 0 	11 11 0 
K 1/3 1/4 1/6 	1/6 3/16 1/4 
D 1 0.6 0.4 	0.471 0.529 1 
C 1/2 0 1/2 	1/2 0 1/2 
FEM -12 12 -48 	48 -8.44 14.1 
Balance 12 21.6 14.4 ...-18.63 -20.9340<4.1.4.1 
COM 0 6.0 -9.32'11- 7.2 -7.05 0 
Balance 0 

-
1.99 1.33 .><6..-0.07 -0.08 0 

COM 0-4' 1••• 0 -0.04 	0.67 0 
Balance 0 0.02 0.02 	-0.32 -0.35 0 
Total 0 41.61 -41.61 	36.85 -36.85 0 

AA ..EAMISManan- 

-36.85 
-41.61 

11 DIRECT MOMENTS AND FREE ENDS 

When a moment is applied directly to a beam or joint, 
or when the beam has a cantilever end-span, the mo-
ment distribution procedure is changed slightly. If a 
concentrated moment is applied mid-span, the fixed-end 
moments at the span ends needed to keep the beam from 
rotating are added to fixed-end moments from other 
loads. The distances to the span ends on either, side of 
the point of application determine the fraction of the 
direct moment distributed to each span end. 

If a moment is applied directly to a joint, it may be 
unclear which direction the fixed-end moment acts to 
counter the rotation. In this case, it may be easier to 
consider the applied moment as an initial unbalance 
(i.e., place it in the BALANCE row) to be distributed 
immediately to both sides of the joint without change 
in sign. 7  

Spans with loaded cantilever sections can be replaced 
with an equivalent load and moment. All of the verti-
cal load is carried by the adjacent support. The mo-
ment can be considered to be applied directly to the 
BALANCE row, without change of sign. Since the can-
tilever section is not included in the moment distribu-
tion process, the adjacent support becomes the end of 
the beam. The entire applied moment, therefore, is 
given to the inward-facing side of the first support. 

After distribution, the moment at the first support will 
be zero, since it was assumed to be a free end. The 
moment at this support will have to be corrected by 
the amount of the original applied moment, since that 
moment is known to exist at that point. 

• 

Pi - 	Li 	 P 2 

M  n 	•• 	
r+) M 2 

r(2IT417, Wft:V.:tr:4;46.v.1;i11.4.A 

C+) 	  

FEM FEM 

Figure 13.6 Beam with Cantilever Ends 
and, Equivalent Beam 

Obviously, putting the fixed-end moment in the FEM row or 
reversing the sign and putting it in the BAL column have the 
same effect. However, the rule to "... put the applied moment 
in the BAL row ..." is easy to remember. 

FEM -24 24 -64 64 MBC = -64+24- 7.2 = -47.2 
Balance 24 16 24 0 

MCB = 64 + 12- 3.6 = 72.4 

8 	 6 
2 

M 1 %wl- 1 	 r2 = P2x 
1/ft 

III 	III  	 1 

I  12 	 24 	 16 	 L 1  

_ 
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Example 13.13 

Find the bending moments at the ends of members OA 
and OB. Joint 0 is rigid. The vertical load of 6000 lbf 
is applied on a lever arm of length 3 feet. 

The applied moment is positive. This will require posi-
tive fixed-end moments about connections A and B, as 
shown, to counteract the beam's rotation. 

rtA 

F El 

The amount of the applied moment distributed to legs 
OA and OB depends on the distribution factors, D. 
Since the fixed-end moments are known to be positive, 
a positive moment is distributed to each leg. 

AO OA OB BO 
L 30 40 
El 1105 1850 
R 36.83 46.25 
F 1 11 1 
K 147.3 147.3 185.0 185.0 
D 0 0.443 0.557 0 
C 1/2 1/2 1/2 1/2 
Applied Moment +18,000 
Distributed BAL
COM 3987 

.....v.„........-• 7974 10,026 .............a....  
5013 

Total 3987 7974 10,026 5013 

Example 13.14 

Distribute the moments on the continuous beam shown. 
El is a constant 1 EE6 lbf-ft 2  along all spans. 

300 	 50 lbf/ft 
'If 	liiiiiitiiiiiiII 

A 

10' 	B 	20' 	At C 	15' 	I  

The magnitude of the moment at point B due to the 
cantilever load is (300)(10) = 3000. The fixed-end mo-
ment at B required to keep the continuous joint B hor-
izontal is clockwise, and therefore positive. 

The fixed-end moments for the central span are 

(50)(20) 2  
MBC = 	 =-1667 

12 
MCB = +1667 

Span AB can be omitted from the analysis. Its fixed-
end moment is added to Mac • 

Mc = -1667 + 3000 = 1333 

CB 
L 
El 

20 
1 EE6 

15 
1 EE6 

R 5 6.67 
F 0 11 1 
K 20 15 26.67 26.67 
D 1 0.36 0.64 0 
C 1/2 0 1/2 1/2 

FEM 1333 1667 0 0 
Balance -1333 ... -600 0 
COM 0 '''. -667 

-1067
........111' 0  -533.5 

Balance 0 240 427-.., 0 
COM 0 00  
Total 0 640 -640 -320 

MBC must be corrected by the amount of the original 
moment, since joint B is not actually the end of the 
beam. On span AB, a clockwise moment is required to 
keep end B horizontal. Therefore, MBA = +3000. To 
maintain balance, Mgc = -3000.  

12 FLEXIBLE AND YIELDING SUPPORTS 

The moment distribution procedure presented assumes 
that the supports are unyielding. If any support moves, 
the distributed moments must be adjusted. The usual 
method of including yielding effects is first to solve the 
problem with unyielding supports, and then to calcu-
late the correcting moments, since there will be two 
contributions to the rotation of the beam ends. 

Consider the beam in figure 13.7 whose far end, B, rests 
on a yielding support. End A is built-in (i.e., fixed), and 
end B is simply supported. From equation 13.46, the 
stiffness is 

MA 	3E1 
= 	 13.60 

0 

M AB 

original 

level 
A 

k spring 
constant) 

Figure 13.7 Yielding Support Free to Rotate 

	

However, 0 	tanO = AIL, so 	the moment causing 
deflection is 

3E/A 

	

MAB =- 2 	
13.61 

L 
Other relationships can be derived using the basic 
spring equations. Notice that the spring constant, k, 
is not the same as the beam stiffness, K. 

	

M = PL 	 13.62 

	

P = kA 	 13.63 

If ends A and B are both fixed, but end B is free to 
translate (i.e., deflect due to the yielding support), the 
moment causing deflection will be 

6E/A  

	

MAB = MBA = 	L2 	13.64 

This moment appears at ends A and B with the same 
sign at both. 

oriainal 

omAB 

Figure 13.8 Yielding Support Constrained 
to Horizontal 

The fixed-end moments required to keep settled beam 
ends horizontal are no different than any other fixed-end 
moments, and the same sign conventions apply. 

Example 13.15 

Repeat example 13.14 assuming that support C settles 
0.5 inch. 

Example 13.14 has already distributed the moments due 
to the applied loads. The settlement will not change 
these distributed moments, and it is not necessary to 
repeat those steps. 

The settlement does, however, allow the beam to ro-
tate. Therefore, additional moments are produced in 
the joints. Section CD is fixed at both ends, and equa-
tion 13.64 is used to calculate the fixed-end moments. 
The deflection curve shows that positive moments are 
required to keep the beam ends horizontal. 

(6)(1 EE6)(0.5/12) 
MDC = MCD = = 1111 

(15) 2  

(-7-)  
original 	

M DC 

level 

(.1-) M CD 

The support at joint B is essentially a simple support, 
and span AB is ignored. Therefore, equation 13.61 is 
used. Mcg is negative because a counterclockwise mo-
ment is required to keep joint C horizontal. 

- (3)(1 EE6) (0.5/12) 
 = 313 MCB = (20) 2  

original 
level 

M CB 

These moments are distributed in the usual manner. 

' I BC 	CB I CD 	DC ' 
L 
El 
R 

20 
1 EE6 
5 

15 
1 EE6 

6.67 
F 0 	11 1 
K 20 	15 26.67 	26.67 
D 1 	0.36 0.64 	 0 
C 1/2 	0 1/2 	 1/2 

FEM 0 	-313 1111 	1111 

Balance 0 .>.<4.2.87 -511 	,......----- 0 
COM 0 	0 0 --Ill'"*.  -255.5 

Total 0 	-600 600 	855.5 

The moments from this distribution are added to the 
moments from the distribution of example 13.14. 

MAB = 0 

MBA = +3000 

MBC = -3000 + 0 = - 3000 

MCB = 640 - 600 = 40 

MCD = -640 + 600 = -40 

MDC = -320 + 855.5 = 535.5 
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13 FRAMES WITHOUT SIDES WAY 	 it will sway unless prevented from doing so. Frames 
that are prevented from swaying are easily solved with 

The rigid portal frame or bent is a fundamental struc- 	the moment distribution method. 
tural unit. Therefore, an ability to analyze portal 
frames is essential. 

Example 13.16 

Member AB. To find B., sum moments about point A. 	step 3: Remove the actual loads, and deflect the 
frame an arbitrary amount, A. There will 

E MA = (25) 2  (0.3) + 11.76 - 17.52 + 25(Bz ) = 0 	 be fixed-end moments M1 and M2 set up at 
tops and fixed bottoms of the vertical mem- 

B. = -3.52 (to the left) 	 bers to resist this deflection. 8  

Figure 13.9 A Rigid Frame 

Because of the rigid joints at B and C in figure 13.9, 
it follows that all members meeting at a joint rotate 
through the same angle at that joint. Furthermore, 
any moment generated on a member will be transmit-
ted through the joint to a connecting member. The 
moment distribution method can be applied directly in 
most cases, considering the frame to be a "bent" beam. 

If a frame has an inclined member, the fixed-end mo-
ments depend only on the horizontal moment arm and 
the vertical component of force. The actual lengths, L, 
should be used in calculating rigidities, however. 

actual  

Find the horizontal reactions at points A and D. The 
frame is kept from moving laterally by a passive force 
at C. That is, the reaction at C resists lateral move-
ment, but it does not add any load or moment to the 
structure. Determine the moments and reactions at all 
joints, including the wall reaction at C. 

0.3/ 

AB 	BA BC 	CB CD 	DC 
L 25 70 25 
El 1000 10,500 1000 
R 40 150 40 
F 1 	 11 11 1 
K 160 	160 600 	600 160 	160 
D 0 	0.21 0.79 	0.79 0.21 	0 
C 1/2 	1/2 1/2 	1/2 1/2 	1/2 

FEM -15.63 	15.63 0 	 0 0 	0 
Balance 0- > -.28 -3.28 -12.35 	.......- 	0 0 	0 >.< 
COM -1.64 '"*11.- 0 0 -.10--"•- -6.18 0 	0 
Balance 0 ---_,....-- 0 0-----. 	4.88 1.30y.........- 0 
COM 0 ■fr------4"•- 0 2.44' ---1■,- 0 Oa.' 	0.65 
Balance 0-.....:, -0.51 -1.93 	......-- 0 0 ...,..,..„...... 0 
COM -0.25'110-0  -0.97 0 -".--' 0 
Balance 
com 

0 -.-_____--- 0 . -,--".... 
0 --.......1_707 
0.38 	

. ,,,.1, 
0.1g 

Balance 0 	-0.08 -0.30 	0 0 	0 
Total -17.52 	11.76 -11.76 	-1.50 1.50 	0.75 

To find A., sum moments about point B. 

E MB = 	( 25) 2  (0 .3) ± 11.76- 17.52 + 25(A.) = 0 

A. = 3.98 

Member DC. C. = -B. = 3.52 (to the right). To find 
Dz , sum moments about point C. 

Emc = 1.50 + 0.75 - 25(D.) = 0 

Dz  = 0.09 (to the right) 

The wall reaction, R, is found from the horizontal equi-
librium of freebody CD. (Alternatively, moments could 
be taken about point D.) 

EFx = 3.52 + 0.09- B = 0 

R= -3.61 (to the left) 

14 FRAMES WITH SIDESWAY 

If an unsymmetrically-loaded frame is not braced 
against sidesway, lateral movement will occur until the 
generated shear force in the vertical columns just equals 
the horizontal force needed to prevent sidesway. 

Superposition is used to evaluate frames with sidesway. 
First, the frame is analyzed based on the assumption 
that sidesway is prevented. This results in moments at 
all the joints. These moments and the artificial restrain-
ing force can be evaluated using moment distribution. 

Ked 

Figure 13.11 Frame with Arbitrary Deflection 

Equations 13.61 and 13.64 relate the fixed-
end moments to the deflection. For the 
pinned member, 
 

=  	13.65 
L2  

For the built-in member, 

6E  
M2 = /A  L2 	 13.66 

The total resisting moment, M1 + M2 is un-
known, but it can be assumed to be some 
value (e.g., 100 or 1000). This total resist-
ing moment is divided between the vertical 
members in proportion to the values of M1 
and M2. The signs of the divided moments' 
at the ends of both vertical members will be 
the same. (No moment is given to pinned 
bases.) 

step 4 : Analyze the frame using the moment distri-
bution method. 

M 2 

I 	b for finding 
fixed-end 
moments 

Figure 13.10 Frame with Inclined Member 

If a portal frame is symmetrical with respect to its leg 
lengths and loading, it will not sway or tend to move 
horizontally. If the frame or loading is unsymmetrical, 

The free-bodies of the sections are used to determine 
the reactions. 

B Y 
11.76 , c Bx 

0,3/ft H 
17.52 I 

AY  

Then, all loads are removed from the frame and the re-
straining force is assumed to act alone opposite to its 
original direction. The moments from this distribution 
are added to the moments from the restrained distribu-
tion to obtain the true joint moments. 

The following alternate procedure can also be used 
to calculate the fixed-end moments for a frame with 
sidesway. 

step 1: Analyze the frame assuming sidesway is pro-
hibited. 

step 2: Calculate the reaction, R, needed to prevent 
sidesway. 

step 5: Find the force, R', causing the sidesway. If 
the directions of R and R' are the same, then 
the sign of the moments M1 and M2 used 
in step 3 was chosen incorrectly. In that 
case, merely reverse the sign of Mfrom  step 4 

in equation 13.67. 

step 6: Calculate the true moment at each joint. 
R 

Mtrue = Mrestrained () Mfrom step 4 R' 
13.67 

In effect, we have applied an equal but opposite force, -R (to 
the right), which causes the deflection, A. This equal but oppo-
site force cancels the imaginary force used to prohibit sidesway 
initially. 

11.76 	1.50 

B x 	177 

CY 
1.50 
0 ..04(1.9 

C x  

Dx  o 

0.75 
D Y  
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0.45h 

0.55h 

(6)(1000)  
= 	= 9.6 

(25) 2  

For member DC, the fixed-end moments are the same. 

M2 = 9.6 

If the total resisting moment is assumed to be -100, 
the fraction taken by member AB is 

9.6 
MAR = ( - 100) 	 

(9.6 + 9.6) 

Member DC takes the other 50 percent of the total 
resisting moment. 

The sign of the FEM's applied to each span end are 
determined by observing the unconstrained deflection 
shape. In order to keep the ends of members AB and 
CD vertical, counterclockwise (negative) moments need 
to be applied. Therefore, -50 is the moment distributed 
to each member. 

step 4: 

AB 	BA BC 	 CB CD 	DC 
L 25 70 25 
El 1000 10,500 1000 
R 40 150 40 
F 1 	 11 11 1 
K 160 	160 600 	 600 160 	160 
D 0 	 0.21 0.79 	0.79 0.21 	 0 
C 1/2 	1/2 1/2 	 1/2 1/2 	1/2 
EI/L2  1.6 not loaded 1.6 

FEM -50 	-50 0 	 0 -50 	-50 

Balance 0 
COM 5.25 	.. 0 19.7>"<-19.75 0 	 5.25 

Balance 0 ---...... 	-4.15 -15.60-15.60 -4.15---' 0 
COM -2.07-'-&- 0 -7.8 -4' ' -7.8 0-AI" "•-2.07 

Balance 0- 64 

Balance 0 	-0.65 -2.43 	-2.43 -0.65 	0 

Total -46.00 	-42.66 42.66 	42.66 -42.66 	-46.00 

E MA = -42.66 - 46.00 + .B.(25) = 0 

B. =- 3.55 (to the right) 

Take member DC as a freebody. Cx  = -B. = -3.55 
(to the left). 

Cx 	I 	0 
42.66 

0 46.00 

15 FRAMES WITH CONCENTRATED 
JOINT LOADS 

A frame that carries a concentrated load at a joint, as 
in figure 13.12, does not develop any fixed-end moments 
due to transverse loading since there are no transverse 
loads. However, the load does cause the frame to sway, 
and hence, moments are generated at the joints. 

Figure 13.12 Joint Loaded Frame 

iiiiiUiiiIIUIIIIIUIUUUUIIUII 

The solution procedure is similar to that used for frames 
with sidesway, except that the initial step is skipped. It 
is unnecessary to distribute moments from transverse 
loading, because there is no transverse loading. In ef-
fect, the applied load is equal to the force needed to 
prevent sidesway. 

16 APPROXIMATE METHODS 

When an exact solution is unnecessary, when time is 
short, or when it is desired to quickly check an exact 
solution, approximate methods may be used. 

A. ASSUMED INFLECTION POINTS 

At points of inflection, the curvature will be changing 
from positive to negative. Accordingly, the moment at 
such a point will be zero. It is possible to assume a 
hinge exists at an inflection point, and that no moment 
is transferred across the hinge. 

11 1 1 I 1 I I I 1 I 1 I II I I 1 I 1 I I 1 1 1 11  I. 

111. 	 
0.2L 	 0.6L 	 0.2L 

III[111.1111111111111111111111 1111 IIIII  

The accuracy of this method depends on being able to 
accurately predict the location of the inflection point. 
Figure 13.13 provides reasonable predictions of these 
locations. 

Example 13.18 

Determine the fixed-end moment for joint A. 

750 lbf 

E MD = -42.66 - 46.00 - 3.55(25) + R'(25) 

= 7.10 (to the right) 

step 6: 

3.61 
MDC = 0.75 + (-

7.10) 
 (-46.0) = -22.6 

0.7L 0.3L 

Figure 13.13 

I- 0 
cr. 
cn 0.75L 

Approximate Inflection Points 

0.25L 	0.25L 0.75L 

Example 13.17 	 step 5: Take member AB as a freebody. 

Find the moment at end D for the frame in example 
13.16. Sidesway is permitted. 

step 1: 	See example 13.16. 

step 2: 	See example 13.16. 

step 3: Load the frame with a total moment of 100. 

For member AB, the fixed-end moments are propor-
tional to 

B x 

A 

'42.66 

' 46.00 

1.  L/2 	L/2 I L/2 	L/2 



INDETERMINATE STRUCTURES 
	

13-19 13- 18 	 CIVIL ENGINEERING REFERENCE MANUAL 

It is assumed that a point of inflection occurs on each 	 Table 13.1 
vertical member (0.55)(20) = 11 feet above the sup- 	 ACT Moment Coefficients 
ports. By symmetry and equilibrium, the shear at the 
inflection point is 	 condition 

Example 13.19 

Draw the critical moment diagram for the uniformly-
loaded, continuous beam shown. 

wu  = 500 lbf/ft 	 column 

BU C 	 D 

20' 	 I 	20' 

Point A is a simple support. The moment there must 
be zero. 

Point B is an exterior face of the first interior support 
over a 2-span beam. The moment there is 

Cl 

positive moments near mid-span 
end spans 

simple support 1/11 
built-in 1/14 

interior spans 1/16 
negative moments at exterior face 

of first interior support 
2 spans 1/9 
3 or more spans 1/10 

negative moments at other faces 
or interior supports 1/11 

negative moments at exterior 
built-in supports 
support is a column 1/16 
support is a cross beam or girder 1/24 

Mc = MB = —22,222 ft-lbf 

Point D is an exterior column support. 

MD = _(500)(20)2 = —12,500 ft-lbf 

ML 
1 

= —(500)(20) 2  = 18,182 ft-lbf 
11 

Point C is also an exterior face of the first interior sup-
port (counting from the opposite end). 

The left span is a simply-supported end span. The max-
imum positive moment is 

MB =
9

(500)(20) 2  = —22, 222ft-lbf 

V = —
750 

= 3751bf 
2 

The moment at the base is 

M = (11)(375) = 4125 ft-lbf 

The fixed-end moment is counterclockwise; therefore, 
70- • 	—4125. 

OF DESIGN MOMENTS (MOMENT 
ECIENTS) 9  

tinuous beams and other similar structures 
specific requirements, shortcuts based on the-
be taken when constructing moment enve- 
Specifically, the maximum moments at the 
mid-points of continuously-loaded spans are 

some fraction of the distributed load function, 
Lere L is the span length between supports, and 
ultimate factored load. For example, the mo-
some point along the beam would be taken as 

M = C1 wL 2 	 13.68 

fficient, C1 , in equation 13.68 is known as the 
coefficient. The method of moment coefficients 

tsed in concrete design when the following con-
Lre met: 

?. load is continuously distributed. 

istruction is not prestressed. 

re are two or more spans. 

spans are the same length, ±20% of L. 

beam is prismatic, having the same cross sec-
along its entire length. 

ethod is allowed in ACI-318 for continuous beams and 
labs provided the conditions are met. This method is 
referred to as the direct design method. 

y speaking, it is improper to draw the moment enve-
; both the maximum positive and maximum negative 
since the load placement will vary between these two 

The right span is an end span with a built-in support 
The maximum positive moment for it is 

1 
MR = TA (500)(20) 2  = 14, 286 ft - lbf 

The critical moment diagram is 

M L  = +18,182 
M R  = +14,286 

MA ° 

MD = —12,500 

M B  = —22,222 Mc = —22,222  

C. USE OF DESIGN SHEARS (SHEAR 
COEFFICIENTS) 

When the conditions of the preceding section are met, 
it is possible to predict the critical shear in continuous 
beams and slabs on the basis of design coefficients. For 
shear, the design coefficient is used with the average 
span loading, iwL. That is, 

V = C2 ( u
-) 
	 13.69 

2 

C2 for shear in end members at the first interior support 
is 1.15. For shear at the face of all other supports, 
C2 = 1.0. 
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Appendix A: Moment Distribution Worksheet 
	

Appendix B: Elastic Fixed-End Moments 
(clockwise is positive) 

A 

BAL 

COM 

BAL 

COM 

BAL 

COM 

	

(Al 
	

 L/2 	 L/2 	1 

	  EI) 

	

PL 	 PL 
— 8 	 "T.  

a 	 b I 

	

—Pb2a 	 pa2b 

	

L2 	 L2  

L/3 	L/3 	L13  

3 - (e■ 	 I ;) 

—2P L 	 2P L 
9 	 9 

L/4 	L/4 	L/4 	L/4 1 

—15P L 	 15P L 

	

48 	 48 

w/ft 

111111111111111111111 1  

— wL2 	 wL2  

	

12 	 12  

L/2 	L/2 

8.   B  

—3P L 	L 1 
16 

P 

	

1 	

a 1 b1 

111:13 
i 

--( Pk2a + a2b) 	
L 

L2 	2 

P 	P 
L/3 	L/3 	_ L/3 

w 
10. 	

w w  

(p,k     1.3 

1 
—PL 	 L 

3 

L/4 	L/4 	L/4 	L/4 
W 	W 	) 4  11.k 	 

— 45PL 	 L 1 

96 

w/ft 

11111111111111111  
12. Co■,  

— 

— wL2 	
L 

 
8 

BAL 

COM 

BAL 

COM 

L/2 	I 	L/2  

w/ft 

6. 	.(c■ 

— 11wL2 	 5wL2  
192 	 192 

w/ft 

( 

IIiiIbhIhh... 
 B) 

_ wL2 	 wL2  
20 	 30  

L/2 	_I 	L/2  

vv/ft 

13. (4,    B 

1 —9wL 2  
128 

w/ft 

14. (4 	  

— wL2  
15 

BAL 

COM 

Total I 
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Appendix C: Beam Formulas 
L/2 	 L/2 

15.  
11.11111■1■11•111■111 

— 5wL2 	 5wL2  
96 	 96 

16. 

— 6814, 	 6EIA 

L2 	 L2  

18. 

I 

8 

—3EIA 

L2  

4'. 

L 
R2  

V 1 	  

Mc  
0.2113L 

max Clef '  

Uniformly distributed load, w lb/ft 
Total load W = wL 

Reactions: R 1  = R2 = —2 

Shear forces: Vi = +-- 

w 
 

V2 = 

Maximum (negative) bending moment 
w L 2  W L 

Mmax  = — — = — —, at end 
12 	12 

Maximum (positive) bending moment 
wL2  WL 

M= 	= —
24 ' 

at center 
c 	24  

	

wL4 	WL3  
Maximum deflection   = 	 at center 

384 El 384E1' 

a 	 a 
w/ft 

22. 	
111111111111111  

—wL2  

12 	[1 6 (2- ) 2  + 4 (-8—)3] 	
wL2  r  

12 L
i _6 (i ) 2+ (1.13 

L 

w/ft 

1111111 
19. IIIMM•11•1■111•1•1111M11111■MIE 

a 	 L — a 

w,2 	 wa3 

	

— 8aL + 3a 21 	[4L — 3a] 
12 L2 	 12L2  

20. ■Newismommes■ 

a 

a 

	

+M (-1 [3 ( 1-) —1] 	 +M 	[3 ( [2 1-11 
L 	L 	 L 	L 

21. 

—Pa  [ 2 	 Pa 2a + 3ab + b 2] 
--3- [2a2  +  3ab + b2  L`  

WX
2 

def. = 
24 E1 

(L x) 2 , 0 < x < L 

Concentrated load, P, at center 

Reactions: R 1  = R2 = —
2 

Shear forces: V1 = +—• V2 = — 2 	2 
Maximum bending moment 

PL 
Mmax = —

8 ' 
at center 

PL 
x = ' 

at ends Mma  

PL3  
Maximum deflection = 

192 El' 
at center 

Px 2  
def. = 

48 E1 
(3L — 4x), 0 < x < 

— 2 

Concentrated load, P, at any point 
Pb2  

Reactions: R 1  = —L3 ( 3a + b) 

R2 = 
Pa2 

(3b + a) L3  
Shear forces: V1 = Ri; V2 = — R2 
Bending moments: 

Pab2  
= — L2  , max. when a < b 

Pa2  b 
M2 = L2 

max. when a> b 

2Pa2 b2  
Mp  — + 	 at point of load 

L3  
Pa3 b3  

Deflection = 
3 E/L3 

at point of load 

2Pa3 b2 	2aL 
Max. def. = 	 at x = 	 for a> b 

3 EI(3a + b)2 ' 	3a + b' 



Continuous beam of two equal spans—equal concentrated loads, P, at center of each span 

5 
Reactions: R 1  = R3 = 

R2 = 1 . 375? 

5 
Shear forces: V1  = –V3 = 176 P 

11 
V2 = 376 P 

Bending moments: 
6 

Mmax = – —

32

PI,
' 

at R2 

Mp = —
5 

PL at point of load 
32 

8 
R2 = -

3
P 

Shear forces: V1  = –V3 = –
2
P 

3 
4 

V2 = ±–P 
3 

Bending moments: 
1 

Mmax = — PL, at R2 

= -
2 

PL 
9 

M2 = -
1
PL 

9 

3 
Reactions: R1 = R3 = -

8 
wL 

R2 = 1.25wL 

Shear forces: VI  = –V3 = –
3 

wL 
8 

5 
V2 = ±-

8
wL 

Bending moments: 
1  

Mmax = w L2  8 
9 2 M1 = 18 7DL 

Maximum deflection = 0.00541 1211  
El 

at x = 0.4215L 

Def. = 48E1—
w

(L3x – 3Lx 3  + 2x4 ), 0 < x < L 

R, 	 R2 	 R3  

V + 	V2  A 	V  
1 

V 	 +1/3  
Mp 	 Mp 

M max 

3 
LL 

3 

L 

3 	PR.3 
L1L L 

,3 ‘  

L 

R, - li 

—_*113 
M 1  V2 	M 1  

M1 	 M, 

Mmax 

Continuous beam of two equal spans—concentrated loads, P, at third points of each span 

2  Reactions: R 1  = R3 = --P 
3 

Continuous beam of two equal spans—uniformly distributed load of w lb/ft 
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R2 	 R i  

	

V 	 i L  

	

2 	L 

dmax  
Y 
t 	0.4215L  

Uniformly distributed load, W lb/ ft 
Total load W = wL 

	

3wL 	5wL 
Reactions: R 1  = 	

8  R2 = —8 
Shear forces: V1  = +R1; V2 =-R2 

Bending moments: 
wL2  

Max. negative moment = 	8 	, at left end 

Max. positive moment = —
9 

wL2  x = –
3

L 

	

128 	8 
3wLx wx 2  

M=- 	0 < x < L 
8 	2 

wL4  

	

Maximum deflection – 	 x 185E1' = 0.4215L 
wx 

def. = 
48 EI

(L3 –3Lx 2  +2x3 ), 0 < x < L 

Concentrated load, P, at center 

	

5 	11 r, 
Reactions: R1 = —16 -r; tE2 = —

16
1--  

Shear forces: V1  = R1; V2 = –R2 
Bending moments: 

Max. negative moment = --
3PL 

at fixed end 
16 

5PL  
Max. positive moment –

32 
 at center 

PL3  
Maximum deflection = 0.009317—

EI 
at x = 0.447L 

7PL3  
Deflection at center under load – 

768 El 

Concentrated load, P, at any point 

	

Reactions: R1 = —
Pb2

(a + 2L), R2 = 	2 
2L3 (3L 	a  ) 2L3  

Shear forces: V1  = R1; V2 = –R2 
Bending moments: 

Pab 
Max. negative moment, M2 = - —

2L2(a 
 + L), at fixed end 

Max. positive moment, M1 =
Pab2 
2L3 
	(a +2L), at load 

Pa2 b3  
Deflections: dp 

= 12 E/L3 
(3L + a), at load 

	

Pa(L2  – a2)3 	L2 4_ a2 
max  = d 

3 El(3L2 
a2)2 , at x = 3L2 a2 L, when a < 0.414L 

Pab2  I a 	 a 
dma, =

2  6 El. 	' 
	 at x = 	

2L + a' 
when a> 0.414L 

V L + a 



*V3 1 

V 	A v 2 

x 

ilmax M R  

a 

R2 	 H3 	 r14 

A 

v,* 	V5 A 

v et  
V2  V 6  V  

V 

Mmax 	 Mmax 

M 2 

	

M1 	 M1 

Reactions: 

7 
= — V4 = 

2
-

0
P 

13 
V3 = —V2 = —

20
P 

V5 = —V6 = — 
2 

Bending moments: 
7 

Mmax  = PL 

= --
3

PL 
20 

1 
M2 = —

10
PL 

Ri = R4 = 
20 
23 

R2 — R3 — 
20 

Shear forces: 

Continuous beam of three equal spans—concentrated loads, P, at third points of each span 

V3 A 
w 

'Ir
v
' V 1 4 * V  

1 
Av, 	 * 	*v4 V 6  V____

V  IA 	 ivi l  1 

M2 	M3 	 M 3 	M 2 

Mmax 	 Mmax 

Reactions: 

	

„ 	34 .„ 
R2 = It3 = 

15 

Shear forces: 
11 

= —V4 = —
15

P 

19 
V3 = — V2 = — P 

15 
V5 = — V6 = 

Bending moments: 
12 

	

 
Mmax — 	

„, 
 

45 
11 

M1 = PL 
45 

M2 = —
7

PL 
45 
3 

M3 = —
45

P L 
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Continuous beam of two equal spans—uniformly distributed load of w lb/ft on one span 	 Continuous beam of three equal spans—concentrated load, P, at center of each span 

	

7 	5 	 1 
Reactions: R1 = —

16 
wL R2 = —

8 
wL R3 = --

16
wL 

9 
Shear forces: Vi  = 

16

7
wL, V2 = — —

16
wL, V3 =-

1
wL 

 16 

Bending moments: 

	

49 	 7 
at x = ITL 

Mmax  = 512 WLj2'  
1 

MR = --
16

WV, at R2 

wx 
M= —

16 

(7L — 8x), 0 < x < L 

Continuous beam of two equal spans —concentrated load, P, at center of one span. 

13 	 3 
Reactions: R1 = —

32
P

' 
R2 = —

11 
P R3 = --P 

	

16 	32 

13 	19 	3 
Shear forces: , 	P, 

, 
2 = — 	V 

, 
3 = 

32 	32 	32 

Bending moments: 

Mmax  = —
13 

PL, at point of load 
64 
3  

MR = 	
„,

at support R2 

0.96 PL3  
Maximum deflection: dm ax  — , at x = 0.48L 

64E1-  

Continuous beam of two equal spans—concentrated load, P, at any point on one span. 

Reactions: R1 = 
Pb 

 4
—

L3 
[4L2  — a(L + a)] 

Pa 
R2 = —

2L3 
[2L2  b(L + a)] 

Pab 
R3 = — (L+ a) 

4L3  

R 1 	 R2 	 R3 	 Shear forces: V1  =
b

[4L
2 

— a(L + a)] 
4L3  

Pa 
V2  = --

4L3
[4L2 + b(L + a)] 

'!1 11 3 
y A v  

	

2 	
v3 = 

—
Pab

(L + a) 
41,3  M max 

M R 

Bending moments: 
Pab 

Mmax = —
4L3

[4L2 — a(L + a)] 

Pab 
MR  = —74-5(L  + a)  



15.11 	W18 x 55 

	

W 18 x 55 	112' 

	

% 	 

D (fixed) 

A (pinned) 
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Practice Problems: 
INDETERMINATE STRUCTURES 

Untimed  

1. What are the reactions supporting the continuous 
beam shown? The reactions are all simple. 

8 	 6 

1/foot 
L__6L.w  

fill114 1111"6111661.1.1111A 	*-6:-.1  
I 	12' 	r 	24' 	 16' 	t 

R 1 	 R 2 	 R 3 	 R 4  

2. What are the joint moments and the reactions for 
the rigid frame shown? The supports may be as-
sumed to be pinned. 

24' 

3. A frame with rigid joints is shown. Draw the mo-
ment diagrams for members AB, BC, CE, and CD. 

lAB = 240 in 4  
I BE = 300 in 4  
l c, = 300 in 4  

15 kips 	 2 kips 
10' 	5'  

rigid igid  

10' 

15' 
r;) A (pinned) 

D (fixed)  

4. What are the maximum moments on the spans AB, 
BC, and CD? 

18' 	 I 	12' 	I 	 20' 

I 4 kip/ft 	I 
24 kips 

2 kip/ft 	111111 	I 	15' 

A TB 	T C 

I =270  I 	1=192 	I 	I =240 

5. During the construction of Shasta dam, access 
ramps were supported by a steel frame which project-
ed from the concrete dam face. The horizontal mem-
bers were sufficiently embedded so that they may be 
considered as having fixed bases. 

At the free ends, the horizontal members were tied 
with a vertical strut as shown. Calculate the deflection 
of the frame assuming the tied connections are 
(a) pinned and (b) rigid. 

120 kips 

VV12x  190 

8' 
fixed 	 rigid  

4.5' 

W 12 x 40 

rigid 
8' 

IN 12 x 72 
fixed 

Timed 

1. An A36 steel beam (W24 X 76) is loaded as shown. 
The beam contains two joints which can be assumed 
to be frictionless hinges. Determine the maximum 
bending stress, maximum shear stress, and the mid-
point deflection. 

each load = 20 k 
15' 	10' 	15' 5' 	15' 	15' 	5' 	15' 	10' 	15' 

111111111ME 	MIK 

IGIMISPLIUM■/. 
40' 	 40' 	 40' 

A 
hinge  

2. A steel beam is loaded as shown and is laterally 
supported only at the three reaction points. The 
beam carries 1400 Ibm/ft over its total span. 
(a) Determine the reactions. (b) Draw the shear 
and moment diagrams. (c) Choose the lightest 
W14 beam that is capable of developing a mini- 
mum of 0.60F bending stress for this application.  Y 
(d) Specify the maximum unbraced length for the 
beam you choose. 

1400 lbf/ft 

AT 	hinge 	 H 	
T  C D 

20' 	 5' 	 20' 	 5'  

3. For the rigid-joint structure shown, (a) determine 
the reactions at A, C, and D, and (b) draw the moment 
diagram on the tension side of the frame. (Neglect the 
beam weights. Reaction at C is passive and does not 
load the frame.) 

40k 	 40k 

400 lb/ft 	g 	
15' 	 5'  

hinge 

W 10 x 60 


