
PART 1 
Nomenclature 

A area 
b width 
c distance from neutral axis 

to extreme fiber 
C correction 
D diameter 
e 	_ eccentricity 
E modulus of elasticity 
F force, or load 

F.S. factor of safety 
g local gravitational 

acceleration 
gc gravitational constant 

(32.2) 
G shear modulus 
I moment of inertia 
J polar moment of inertia 
k spring constant 
K stress concentration factor, or 

end restraint coefficient 
L length 
m mass 
M moment 
n ratio, rotational speed, 

or number 
N number of cycles 
p pressure 
Q statical moment 
r radius, or radius of gyration 
S strength, or axial load 
t thickness 
T temperature, or torque 
U virtual truss load 
U energy 
V shear, or volume 
w load per unit length, 

or width 

MECHANICS 
OF MAT 	KRIALS 

Strength of Materials 
work 	 in-lbf 
distance, or displacement 	in 
deflection, or distance 	in 
section modulus 	 in3  

in 
lbm 
in-lbf 

in2 
in 

in 

in 
in 
psi 
lbf 

Symbols 

6 
0 
ch 
a 
a 

elongation, or displacement 
angle 
angle 
normal stress 
coefficient of linear 

in 
degrees 
radians 
psi 

2 
u_ 
0 
i 
0 
Lu 

0 

'7 

thermal expansion 
coefficient of volumetric 

thermal expansion 
coefficient of area thermal 

expansion 

1/°F 

1/°F 

1/°F 

2 

T shear stress psi 
E 
ti 

strain 
Poisson's ratio 

_ , 

Subscripts 

a allowable 
b bending 
br bearing 
c centroidal, or compressive 
e endurance, Euler, or equivalent 

ext external 
h hoop 
i inside 
L long 
o original, or outside 
p pull 
s shear 
t transformed, tension, or 

temperature 
th thermal 
T torsion 
u ultimate 
y yield 

ft/sec 2  

lbm-ft 

psi 
in4  
in4  
lbf/in 

—, rpm, 

psi 
in3  
in 
psi, lbf 
in 
°F, in-lbf 
lbf 
in-lbf 
lbf, in3  

lbf/in, in 



Figure 12.2 A Typical Stress-Strain 
Curve for Steel 

The line 0-A in figure 12.2 is a straight line. The re- 
lationship between the stress and the strain is given 

The ultimate tensile strength, point D in figure 12.2, 
is the maximum load-carrying ability of the material. 
However, since stresses near the ultimate strength are 
accompanied by large plastic strains, this parameter 
should not be used for the design of ductile materials 
such as steel and aluminum. 

0 

12-2 	 CIVIL ENGINEERING REFERENCE MANUAL 
	

MECHANICS OF MATERIALS 
	

12-3 

1 PROPERTIES OF STRUCTURAL 
MATERIALS 

A. THE TENSILE TEST 

Many material properties can be derived from the 
standard tensile test. In a tensile test, a material sam-
ple is loaded axially in tension, and the elongation is 
measured as the load is increased. A graphical repre-
sentation of typical test data for steel is shown in figure 
12.1, in which the elongation, 5, is plotted against the 
applied load, F. 

8 

Figure 12.1 Typical Tensile Test Results for Steel 

Since this graph is applicable only to an object with 
the same length and area as the test sample, the data 
are converted to stresses and strains by use of equations 
12.1 and 12.2. u is known as the normal stress, and c is 
known as the strain. Strain is the percentage elongation 
of the sample. 

cr= 71 	 12.1 

= 	 12.2 

The stress-strain data also can be graphed, and the 
shape of the resulting curve will be the same as figure 
12.1 with the scales changed. 

a 

by Hooke's law, equation 12.3. E is the modulus of 
elasticity (Young's modulus) and is the slope of the line 
segment 0-A. The stress at point A is known as the pro-
portionality limit. The modulus of elasticity for steel is 
approximately 3 EE7 psi. 

= 	 12.3 

Slightly above the proportionality limit is the elastic 
limit (point B). As long as the stress is kept below the 
elastic limit, there will be no permanent strain when 
the applied stress is removed. The strain is said to be 
elastic, and the stress is said to be in the elastic region. 

If the elastic limit stress is exceeded before the load is 
removed, recovery will be along a line parallel to the 
straight line portion of the curve, as shown in the line 
segment p-0'. The strain that results (line 0-0') is 
permanent and is known as plastic strain or permanent 
set. 

The yield point (point C) is very close to the elastic 
limit. For all practical purposes, the yield stress, S y , 
can be taken as the stress which accompanies the be-
ginning of plastic strain. Since permanent deformation 
is to be avoided, the yield stress is used in calculat-
ing safe stresses in ductile materials such as steel. A36 
structural steel has a minimum yield strength of 36,000 
psi. 

ua = -S. 	
12.4 

F.  

Some materials, such as aluminum, do not have a well-
defined yield point. This is illustrated in figure 12.3. In 
such cases, the yield point is taken as the stress which 
will cause a 0.2% parallel offset. 

sy  

a 

Figure 12.3 A Typical Stress-Strain Curve 
for Aluminum 

As the sample is elongated during a tensile test, it also 
will decrease in thickness (width or diameter). The ra-
tio of the lateral strain to the axial strain is known as 
Poisson's ratio, p. p typically is taken as 0.3 for steel 
and as 0.33 for aluminum. 

AD 

Elateral 	Do  

P 
=

12.5 
AL axial 
L o  

B. FATIGUE TESTS 

A part may fail after repeated stress loading even if the 
stress never exceeds the ultimate fracture strength of 
the material. This type of failure is known as fatigue 
failure. 

The behavior of a material under repeated loadings can 
be evaluated in a fatigue test. A sample is loaded re-
peatedly to a known stress, and the number of appli-
cations of that stress is counted until the sample fails. 
This procedure is repeated for different stress levels. 
The results of many of these tests can be graphed, as is 
done in figure 12.4. 

S  u 

Se 

Figure 12.4 Results of Many Fatigue 
Tests for Steel 

For any given stress level, say ap  in figure 12.4, the cor-
responding number of applications of the stress which 
will cause failure is known as the fatigue life. That is, 
the fatigue life is just the number of cycles of stress re-
quired to cause failure. If the material is to fail after 

only one application of stress, the required stress must 
equal or exceed the ultimate strength of the material. 

Below a certain stress level, called the endurance limit 
or the endurance strength, the part will be able to with-
stand an infinite number of stress applications without 
experiencing failure. Therefore, if a dynamically loaded 
part is to have an infinite life, the applied stress must 
be kept below the endurance limit. 

Some materials, such as aluminum, do not have a well-
defined endurance limit. In such cases, the endurance 
limit is taken as the stress that will cause failure at EE8 
or 5 EE8 applications of the stress. 

Se  

EEEI 

Figure 12.5 Fatigue Test Results for Aluminum 

C. ESTIMATES OF MATERIAL PROPERTIES 

Although the properties of a material will depend on 
its classification (ASTM, AISC, etc.), average values 
are given in table 12.1. 

2 DEFORMATION UNDER LOADING 

Equation 12.2 can be rearranged to give the elongation 
of an axially loaded member in compression or tension. 

Lci LF 
12.6 

A tension load is taken as positive, and a compressive 
load is taken as negative. The actual length of a mem- 
ber under loading is given by equation 12.7 where the 

Table 12.1 
Typical Material Properties 

material 	 E (psi) 	G (psi) 	p 	p (pcf) 	a (1/°F) 

steel (hard) 30 EE6 11.5 EE6 0.30 489 6.5 EE-6 
steel (soft) 29 EE6 11.5 EE6 0.30 489 6.5 EE-6 
aluminum alloy 10 EE6 3.9 EE6 0.33 173 12.8 EE-6 
magnesium alloy 6.5 EE6 2.4 EE6 0.35 112 14.5 EE-6 
titanium alloy 15.4 EE6 6.0 EE6 0.34 282 4.9 EE-6 
cast iron (class 20) 20 EE6 8 EE6 0.27 442 5.6 EE-6 
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algebraic sign of the deformation must be observed. 

Lactual — Lc  + 8 12.7 

The energy stored in a loaded member is equal to the 
work required to deform it. Below the proportionality 
limit, this energy is given by equation 12.8. 

U =
1

F(5 = 
(F2L) 

12.8 
2 	2 AE 

3 THERMAL DEFORMATION 

If the temperature of an object is changed, the object 
will experience length, area, and volume changes. These 
changes can be predicted by equations 12.9, 12.10, and 
12.11. 

AL = cxL 0 (T2 —Ti) 12.9 

AA = -1A0 (T2 — T1) P.-12aA 0 (T2 — T1) 12.10 

AV = ,OV0 (T2 — Ti) 	3aV0 (T2 — T1 ) 12.11 

If equation 12.9 is rearranged, an expression for the 
thermal strain is obtained. Thermal strain is handled 
in the same manner as strain due to an applied load. 

AL 
eth = — = a (T2 —Ti) 12.12 

L c  

For example, if a bar is heated but is not allowed to 
expand, the stress will be given by equation 12.13. 

ath = E eth 	 12.13 

4 SHEAR AND MOMENT DIAGRAMS 

It was illustrated in chapter 11 that, for an object in 
equilibrium, the sums of forces and moments are equal 
to zero everywhere. For example, the sum of moments 
about point A for the beam shown in figure 12.6 is zero. 

il2 

2' 

A 

	

4 

 	
6 

8 

Figure 12.6 A Beam in Equilibrium 

Nevertheless, the beam shown in figure 12.6 will bend 
under the influence of the forces. This bending is evi- 
dence of the stress experienced by the beam. Since the 

sum of moments about any point is zero, the moment 
used to find stresses and deflection is taken from the 
point in question to one end of the beam only. This is 
called the one-way moment. The absolute value of the 
moment will not depend on the end used. This can be 
illustrated by the beam shown in figure 12.6. 

E MA (to right end) — —8(7) ± 4(12) = —8 

E M40 left end) = 4(2) = +8 

The moment obtained will depend on the location cho-
sen. A graphical representation of the one-way moment 
at every point along a beam is known as a moment di-
agram. The following guidelines should be observed in 
constructing moment diagrams. 

• Moments should be taken from the left end to the 
point in question. If the beam is cantilever, place 
the built-in end at the right. 

• Clockwise moments are positive. 

• Concentrated loads produce linearly increasing 
lines on the moment diagram. 

• Uniformly distributed loads produce parabolic 
lines on the moment diagram. 

• The maximum moment will occur when the shear 
(V) is zero. 

• The moment at any point is equal to the area under 
the shear diagram up to that point. That is, 

M = f V dx 	 12.14 

• The moment is zero at a free end or hinge. 

Similarly, the sum of forces in the y direction on a beam 
in equilibrium is zero. However, the shearing stress at a 
point along the beam will depend on the sum of forces 
and reactions from the point in question to one end 
only. 

A shear diagram is drawn to represent graphically the 
shear at any point along a beam. The following guide-
lines should be observed in constructing a shear dia-
gram. 

• Loads and reactions acting up are positive. 

• The shear at any point is equal to the sum of the 
loads and reactions from the left end to the point 
in question. 

• Concentrated loads produce straight (horizontal) 
lines on the shear diagram. 

5 STRESSES IN BEAMS 

A. NORMAL STRESS 

Normal stress is the type of stress experienced by a 
member which is axially loaded. The normal stress is 
the load divided by the area. 

A 
	 12.16 

Normal stress also occurs when a beam bends, as shown 
in figure 12.7. The lower part of the beam experiences 
normal tensile stress (which causes lengthening). The 
upper part of the beam experiences a normal compres- 

Figure 12.7 Normal Stress Due to Bending 

—My 
12.17 at = 	 )  

Figure 12.8 Bending Stress Distribution 
in a Beam 

The moment, M, used in equation 12.17 is the one-
way moment previously discussed. Ic  is the centroidal 
moment of inertia of the beam's cross sectional area. 
The negative sign in equation 12.17 typically is omit-
ted. However, it is required to be consistent with the 
convention that compression is negative, 

Since the maximum stress will govern the design, y can 
be set equal to c to obtain the maximum stress. c is the 
distance from the neutral axis to the extreme fiber. 

Mc 
12.18 Crb,max  

IC 

For any given structural shape, c and Ic  are fixed. 
Therefore, these two terms can be combined into the 
section modulus, Z. 

Crb,max = 	 12.19  T  

z = - 	 12.20 

For most beams, the section modulus, Z, is constant 
along the length of the beam. Equation 12.19 shows 
that the maximum stress along the length of a beam 
is proportional to the moment at that point. The lo-
cation of the maximum bending moment is called the 
dangerous section. The dangerous section can be found 
directly from a moment or shear diagram of the beam. 

• Uniformly distributed loads produce straight slop- 	sive stress (which causes shortening). There is no stress 
ing lines on the shear diagram. 	 along a horizontal plane passing through the centroid 

of the cross section. This plane is known as the neutral 
• The magnitude of the shear at any point is equal plane or the neutral axis. 

to the slope of the moment diagram at that point. 

dM 	
Although it is a normal stress, the stress produced by 

V = 12.15 	the bending usually is called bending stress or flexure 
dx stress. Bending stress varies with position within the 

beam. It is zero at the neutral axis, but it increases 

Example 12.1 	 linearly with distance from the neutral axis. 

Draw the shear and moment diagrams for the following 
beam. 

100 I bf /ft  

Fri 1 	I 	1 1 1 I  

533 	 41/i  1067 

	  12 

9d;  

, , 

/ 	• 8" 	
compression 

6" 	 +c 1 al 
+y 	 neutral axiE al .  

—1 III —Y  hk. 
tension 

V 
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If an axial member is loaded eccentrically, it will expe-
rience axial stress (equation 12.16) as well as bending 
stress (equation 12.17). This is illustrated by figure 
12.9, in which a load is not applied to the centroid of a 
column's cross sectional area. 

F 	-.1.111111111111■11111.m....11.111101.11111'-  

-ea A 

Figure 12.9 Eccentric Loading 
of an Axial Member 

Because the beam bends and supports a compressive 
load, the stress produced is a sum of bending and nor-
mal stress. 

F Mc F Fee 
°Max, min =

A /c 
= 	

/, 
- 	12.21 

A  

If a cross section is loaded with an eccentric compres-
sive load, part of the section can be in tension. This is 
illustrated in example 12.3. There will be no stress sign 
reversal, however, as long as the load is applied within 
a diamond-shaped area formed from the middle-thirds 
of the centroidal axes. This area is known as the kern 
or the kernel. It is particularly important to keep ec-
centric compressive loads within the kern on concrete 
and masonry piers since these materials do not tolerate 
tension. (The kern of a circular shaft or a round beam 
is outlined by a circle whose radius is one-quarter of the 
shaft radius.) 

The elastic strain energy stored in a beam experiencing 
a moment (bending) is 

m2 

12.22 

B. SHEAR STRESS 

Normal stress is produced when a load is absorbed by 
an area normal to it. Shear stress is produced by a load 
being carried by an area parallel to the load. This is 
illustrated in figure 12.11. 

/ 3 

3 

/3 

Figure 12.10 The Kern 

The average shear stress experienced by a pin, a bolt, 
or a rivet in single shear (as illustrated in figure 12.11) 
is given by equation 12.23. Because it gives an average 
value over the cross section of the shear member, this 
equation should be used only when the loading is low or 
when there is multiple redundancy in the shear group. 

— 	 12.23 
A 

The actual shear stress in a beam is dependent on the 
location within the beam, just as was the bending stress. 
Shear stress is zero at the top and bottom surfaces of a 
beam and maximum at the neutral axis. This is illus-
trated in figure 12.12. 

Figure 12.11 Normal and Shear Stresses 

The shear stress distribution within a beam is given by 
equation 12.24. 

QV 
r =—

lb 	
12.24 

Figure 12.12 Shear Stress Distribution 
in a Rectangular Beam 

V is the shear (in pounds) at the section where the 
shear stress is wanted. V can be found from a shear 
diagram. I is the beam's centroidal moment of inertia. 
b is the width of the beam at the depth y i  within the 
beam where the shear stress is wanted. Q is the statical 

moment l  , as defined by equation 12.25. 

Q 
 = f

y dA 	 12.25 
Y1 

For rectangular beams, dA = bdy.  . Equation 12.25 can 
be simplified to equation 12.26 for rectangular beams. 

Q = y*A* 12.26 

Equation 12.26 says that the statical moment at a loca-
tion yi within a rectangular beam is equal to the prod-
uct of the area above y i  and the distance from the cen-
troidal axis to the centroid of A*. 

The maximum shear stress in a rectangular beam is 

3V 3V 12.27 Tin a,x 	=- — 
2A 2bh 

For a round beam of radius r and area A, the maximum 
shear stress is 

4V 4V 
T 	— = 	 12.28 
max  3A 

 32 

The shear, V, used in equations 12.27 and 12.28 is the 
one-way shear. 

Example 12.2 

What are the maximum shear and bending stresses for 
the beam shown in example 12.1? 

From the shear diagram, the maximum shear is —667 
pounds. From equation 12.27, the maximum shear 
stress is 

(3)(-667)  = 20.8 psi Tmax = (2)(6)(8) 

1 The statical moment also is known as the first moment of the 
area.  

From the moment diagram, the maximum moment is 
+1421 ft-lbf. The centroidal moment of inertia is 

./, = 
(6)(8)3 

 = 256 in4  
12 

From equation 12.18, the maximum bending stress is 

(1421)(12)(4) 

	

 
b,max = 	 = 266.4 psi g  256 

Example 12.3 

The chain hook shown carries a load of 500 pounds. 
What are the minimum and maximum stresses in the 
vertical portion of the hook? 

fixed 

1 in 2 (square) 

3" 

500 lbf 

The hook is loaded eccentrically because the load and 
the supporting force are not in line. The centroidal 
moment of inertia of the 1" x 1" section is 

bh3
= 	= 

( 1 )( 1 ) 3
=  0.0833 in4  

	

12 	12 
7 

From equation 12.21, 

500 , (500)(3)(0.5) 
amax, mm = 1 	0.0833 

= 500 ± 9000 

= +9500 and — 8500 

The 500 psi direct stress is tensile. However, the flexural 
compressive stress of 9000 psi counteracts this tensile 
stress, resulting in 8500 psi compressive stress at the 
outer face of the hook. The stress is 9500 psi tension at 
the inner face. 

6 STRESSES IN COMPOSITE 
STRUCTURES 

A composite structure is one in which two or more dif-
ferent materials are used, each carrying a part of the 
load. Unless all the various materials used have the 
same modulus of elasticity, the stress analysis will be 
dependent on the assumptions made. 



7.80" 

8" 

4.20" 

160" 	  
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Some simple composite structures can be analyzed us-
ing the assumption of consistent deformations. This 
is illustrated in examples 12.4 and 12.5. The technique 
used to analyze structures for which the strains are con-
sistent is known as the transformation method. 

step 1: Determine the modulus of elasticity for each 
of the materials used in the structure. 

step 2: For each of the materials used, calculate the 
ratio 

n= 	12.29 
raweakest 

Ewea,kest is the smallest modulus of elasticity 
of any of the materials used in the composite 
structure. 

step 8: For all of the materials except the weakest, 
multiply the actual material stress area by n. 
Consider this expanded (transformed) area 
to have the same composition as the weakest 
material. 

step .4: If the structure is a tension or compression 
member, the distribution or placement of the 
transformed area is not important. Just as-
sume that the transformed areas carry the 
axial load. For beams in bending, the trans-
formed area can add to the width of the 
beam, but it cannot change the depth of the 
beam or the thickness of the reinforcing. 

step 5: For compression or tension numbers, calcu-
late the stresses in the weakest and stronger 
materials. 

o'weakest 	 12.30 

nF 
0-stronger = 	 12.31 

At 

step 6: For beams in bending, proceed through step 
9. Find the centroid of the transformed 
beam. 

step 7: Find the centroidal moment of inertia of the 
transformed beam, /a . 

step 8: Find Vmax  and Mmax  by inspection or from 
the shear and moment diagrams. 

step 9: Calculate the stresses in the weakest and 
stronger materials. 

MCweakest 
°weakest 12.32 T  

ict 

72 MCstronger  
0-stronger = 	 12.33 

Jet  

Example 12.4 

Find the stress in the steel inner cylinder and the copper 
tube which surrounds it if a uniform compressive load of 
100 kips is applied axially. The copper and the steel are 
well bonded. Use Esteel = 3 EE7 psi and EcoPper = 1.75 
EE7 psi. 

5" 

3 EE7 
n = 	= 1.714 

1.75 EE7 

The actual steel area is ir(5) 2  = 19.63 in2 . 

The actual copper area is ir[(10) 2  - (5) 2 1 = 58.9 in2 . 

The transformed area is At  = 58.9 + 1.714 (19.63) = 
92.55 in2 . 

100,000 

	

0-copper = 	= 1080.5 psi 
92.55 

°steel - (1.714)(1080.5) = 1852.0 psi 

Example 12.5 

Find the maximum bending stress in the steel-rein-
forced wood beam shown at a point where the moment 
is 40,000 ft-lbf. Use Esteel = 3 EE7 psi and E 005 = 1.5 
EE6 psi. 

8" 

#144144  

	

wood 	
ip 	12" 

steel Ezzzzzz "4" 

3 EE7 
n = 	= 20 

1.5 EE6 
The actual steel area is (0.25)(8) = 2. 

The area of the steel is expanded to 20(2) = 40. Since 
the depth of beam and reinforcement cannot be in-
creased, the width must increase. The 160" dimension 
is arrived at by dividing the area of 40 square inches by 
the thickness of . 

The centroid is located at = 4.45 inches from the 
x-x axis. The centroidal moment of inertia of the trans-
formed section is 

(8)(7.8) 3 	(8)(4.2) 3 	(160)(0.25) 3  

	

3 	3 	12 
0.25 

+(160)(0.25) (4.2 +)
2 

 -
2 

= 2211.5 in4  

Then, from equations 12.32 and 12.33, 

(40,  000) (12) (7.8)  

	

°max, wood = 	(2211.5) 	
- 1692 psi 

(20)(40,000)(12)(4.45)  

	

°max, steel - 	 - 19,320 psi 
2211.5 

7 ALLOWABLE STRESSES 

Once the actual stresses are known, they must be com-
pared to allowable stresses. If the allowable stress is 
calculated, it should be based on the yield stress and a 
reasonable factor of safety. This is known as the allow-
able stress design method or the working stress design 
method. S v  

	

cra = - 	 12.34 
F.S. 

For steel, the factor of safety ranges from 1.5 to 2.5, 
depending on the type of steel and application. 

The allowable stress method is being replaced in struc-
tural work by the load factor design method, also known 
as the ultimate strength method and the plastic design 
method. In this method, the applied loads are multi-
plied by a load factor. The product must be less than 
the structural member's ultimate strength, usually de-
termined from a table. 

8 BEAM DEFLECTIONS 

A. DOUBLE INTEGRATION METHOD 

The deflection and the slope of a loaded beam are re-
lated to the applied moment and shear by equations 
12.35 through 12.38. 

	

y = deflection 	 12.35 

, dy 
= 	

= slope 	 12.36 
 dx 

d2  y M 
Yll  dx 2  EI 

d3y _ V 
Y 	dx 3  EI 

12.37 

12.38 

If the moment function, M(x), is known for a section 
of the beam, the deflection at any point can be found 
from equation 12.39. 

1 
y = 	f [f M (x) dx] dx 	12.39 

In order to find the deflection, constants must be intro-
duced during the integration process. These constants 
can be found from table 12.2. 

Table 12.2 
Beam Boundary Conditions 

end condition 	y y' y" V M 

simple support 	0 	 0 
built-in support 	0 0 
free end 	 0 0 0 
hinge 	 0 

Example 12.6 

Find the tip deflection of the beam shown. El is 5 EE10 
lbf-in2  everywhere on the beam. 

, 

10 	lbf/in 
 

MENIMINIMP113 111 ,.. 10 11111221Ni>, 	,...1 ,m.:. 
s 

•.,?Z:<•4" 

144 in  

The moment at any point x from the left end of the 
beam is 

1 
M(x) = (-10)(x) (x ) = -5x2 
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This is negative by the left-hand rule convention. From 	• If the moment diagram has positive and negative 
equation 12.37, 	 parts (areas above and below the zero line), the 

ti M 	 statical moment should be taken as the sum of Y = 	
two products, one for each part of the moment 
diagram. 

So, 
Ely" = –5x2  

Ely' = f –5x2  dx = x3  A-. 

Since y' = 0 at a built-in support (table 12.2) and x = 
144 inches at the built-in support, 

0= —
5

(144) 3  + 

Ci 	
3 

= 4.98 EE6 

Ely = f (-5  x 3  + 4.98 EE6) dx 
3 

= – —5  x4  + (4.98 EE6)x + C2 12 
Again, y = 0 at x = 144, so C2 = –5.38 EE8. 

Therefore, the deflection as a function of x is 

= 
 (

-1  ) (– —5  ) x4  + (4.98 EE6)x –5.38 EE81 EI 	12 
At the tip x = 0, so the deflection is 

–5.38 EE8 
Nip – 	5 EE10 – 0.0108 inches 

B. MOMENT AREA METHOD 

0  f M(x) dx  
El 	

12.40 

Theorem II: One point's deflection away from the 
tangent of another point is equal to the statical mo-
ment of the bending moment between those two points 
divided by El. That is, 

y  _ f xM(x) dx  
El 	

12.41 

The application of these two theorems is aided by the 
following two comments. 

• If El is constant, the statical moment f xM(x) dx 
can be calculated as the product of the total mo-
ment diagram area times the distance from the 
point whose deflection is wanted to the centroid 
of the moment diagram. 

Example 12.7 

Find the deflection, y, and the angle, 0, at the free end 
of the cantilever beam shown. 

Y1 

The deflection angle, 0, is the angle between the tan-
gents at the free and built-in ends (Theorem I). The 
moment diagram is 

1 	(213)L  
- I 

FL 

Example 12.8 

Find the deflection of the free end of the cantilever beam 
shown. 

MR* 
01...E6§M 

w lbf/ft 	Mee 

A 	 B 

a 	 b RONSI  

The distance from point A (where the deflection is 
wanted) to the centroid is (a + 0.75b). The area of the 
moment diagram is (wb 3 /6). From Theorem II, 

y =
b3 
I(a + 0.75b) 

6E 

a 	 .75 b 

------------- 9''N. 

I'Aw b2 

C. STRAIN ENERGY METHOD 

The deflection at a point of load application can be 
found by the strain energy method. This method 
equates the external work to the total internal strain en-
ergy as given by equations 12.8, 12.22, and 12.73. Since 
work is a force moving through a distance (which in this 
case is the deflection) we can write equation 12.42. 

1 
–
2
Fy=EU 	 12.42 

Example 12.9 

Find the deflection at the tip of the stepped beam 
shown. 

1100 lbf 

y El = 1 EE5 lbf-1n 2  T 
Al 	  B 

1---,-- x 	 L 
I- 	

 

- I .  
10" 

In section A–B: M =100x in-lbf 

From equation 12.22, 

1  l°  (f100x) 2  

	

= – 	dx – 16.67 in-lbf U 
2 0 1 EE5 

In section B-C: M = 100x 

1 f2°  (1 00x) 2  

	

U = – 	
dx = 11.67 in-lbf 

2 J10 1 EE6 

Equating the internal work ( U) and the external work, 

1 „ 
16.67+ 11.67= –2 MOM 

y = 0.567 in  

D. CONJUGATE BEAM METHOD 

The conjugate beam method changes a deflection prob-
lem into one of drawing moment diagrams. The method 
has the advantage of being able to handle beams of 
varying cross sections and materials. It has the disad-
vantage of not easily being able to handle beams with 
two built-in ends. The following steps constitute the 
conjugate beam method. 

step 1: Draw the moment diagram for the beam as 
it is actually loaded. 

step 2: Construct the MIEI diagram by dividing 
the value of M at every point along the beam 
by the product of El at that point. If the 
beam is of constant cross section, El will 
be constant, and the M/E/ diagram will 
have the same shape as the moment dia-
gram. However, if the beam cross section 
varies with x, I will change. In that case, 
the MIEI diagram will not look the same 
as the moment diagram. 

step 8: Draw a conjugate beam of the same length 
as the original beam. The material and the 
cross sectional area of this conjugate beam 
are not relevant. 
(a) If the actual beam is simply supported 

at its ends, the conjugate beam will be 
simply supported at its ends. 

(b) If the actual beam is simply supported 
away from its ends, the conjugate beam 
has hinges at the support points. 

(c) If the actual beam has free ends, the con-
jugate beam has built-in ends 

(d) If the actual beam has built-in ends, the 
conjugate beam has free ends. 

step 4: Load the conjugate beam with the MIEI 
diagram. Find the conjugate reactions by 
methods of statics. Use the superscript, *, 
to indicate conjugate parameters. 

step 5: Find the conjugate moment at the point 
where the deflection is wanted. The deflec-
tion is numerically equal to the moment as 
calculated from the conjugate beam forces. 

Example 12.10 

Find the deflections at the two load points. El has a 
constant value of 2.356 EE7 lbf-in 2 . 

80 lbf 	 120 lbf 

80 I 	 120 lbf bf30" 	 40" 	 20" 

The moment area method is a semi-graphical technique 
The area of the moment diagram is which is applicable whenever slopes of deflection beams 

are not too great. This method is based on the following 1 two theorems. 	 –
2

(FL)(L) = –
1 
FL2  

2 
Theorem I: The angle between tangents at any two 

, points on the elastic line of a beam is equal to the area 	From Theorem I  
FL2  of the moment diagram between the two points divided 	 0 = 

by El. That is, 	 2E1 
From Theorem II, 

y  FL2  (2 
) 

L ) FL3  
2E1 	3E1 

El = 1 EE6 lbf-in 2 

10" 



Table from example 12.12 

member 	S(lbf) 	u 	L (ft ) 	A(in2  

AB -30,000 5/12 35 17.5 
CB 32,000 0 28 14 
EB -10,000 -5/12 35 17.5 
ED 0 0 28 14 
EF 10,000 5/12 35 17.5 
GF 0 0 28 14 
HF -10,000 -5/12 35 17.5 
BD -12,000 1/2 21 10.5 
DF -12,000 1/2 21 10.5 
AC 18,000 3/4 21 10.5 
CE 18,000 3/4 21 10.5 
EG 6000 1/4 21 10.5 
GH 6000 1/4 21 10.5 

30" 	 40" 	 20" 

steps 2, 3, and 4: Since the Cross section is con-
stant, the conjugate load has the same shape as the 
original moment diagram. The peak load on the con-
jugate beam is 

2400 in-lbf 
= 1.019 EE-4 (1/in) 

2.356 EE7 

The conjugate reaction, L*, is found by the following 
method. The loading diagram is assumed to be made 
up of a rectangular load and two "negative" triangu-
lar loads. The area of the rectangular load (which has 
a centroid at x* = 45) is (90)(1.019 EE-4) = 9.171 
EE-3. 

Similarly, the area of the left dashed triangle (which 
has a centroid at x* = 10) is 1(30)(1.019 EE-4) = 
1.529 EE-3. The area of the right dashed triangle (which 
has a centroid at x* = 83.33) is 1(20)(1.019 EE-4) = 
1.019 EE-3. 

E 	90R* + (1.019 EE-3) (83.3) 

+ (1.529 EE-3) (10) - (9.171 EE-3) (45) 
=0 

R* = 3.472 EE-3 -
1 
in 

Then, 

L* = (9.171 - 1.019 - 1.529 - 3.472) EE-3 

-= 3.151 EE-3 -
1 
in  

E. TABLE LOOK-UP METHOD 

Appendix A is an extensive listing of the most com-
monly needed beam formulas. The use of these formu-
las is recommended whenever they can be applied singly 
or as part of a superposition solution. 

F. METHOD OF SUPERPOSITION 

If the deflection at a point is due to the combined action 
of two or more loads, the deflections at that point due 
to the individual loads can be added to find the total 
deflection. 

9 TRUSS DEFLECTIONS 

A. STRAIN-ENERGY METHOD 

The deflection of a truss at the point of a single load 
application can be found by the strain-energy method if 
all member forces are known. This method is illustrated 
by example 12.11. 

Example 12.11 

Find the vertical deflection of point A under the exter-
nal load of 707 pounds. AE = 10 EE5 pounds for all 
members. The internal forces have been determined. 

A 

50" 
707 I bf 

50" 	50" 	50"  

The length of member AB is \/(50) 2  + (50)2  = 70.7 
inches. From equation 12.8, the internal strain energy 
in member AB is 

356.2 
The work done by a constant force F moving through 
a distance y is Fy. In this case, the force increases 
with y. The average force is F. The external work is 
Wext = 1(707)y, so 

) (707)y = 356.2 

y = 1 inch 

B. VIRTUAL WORK METHOD (HARDY 
CROSS METHOD) 

An extension of the strain-energy method results in an 
easy procedure for computing the deflection of any point 
on a truss. 

step 1: Draw the truss twice. 
step 2: On the first truss, place all the actual loads. 
step 8: Find the forces, S, due to the actual applied 

loads in all the members. 
step 4: On the second truss, place a dummy one 

pound load in the direction of the desired 
displacement. 

step 5: Find the forces, u, due to the one pound 
dummy load in all members. 

step 6: Find the desired displacement from equation 
12.43. 

SuL E - 
AE 	

12.43 

In equation 12.43, the summation is over all 
truss members which have non-zero forces in 
both trusses. 

Example 12.12 

What is the horizontal deflection of joint F on the truss 
shown? Use E = 3 EE7 psi. Joint A is restrained 
horizontally. (Member areas are given in the table be-
low and have been chosen for convenience.) 

steps 1 and 2: Use the truss as drawn. 

step 3: The forces in all the truss members are sum-
marized in step 5. 

step 4 : Draw the truss and load it with a unit hori-
zontal force at point F. 

step 5: Find the forces, u, in all member's of the sec-
ond truss. These are summarized in the fol-
lowing table. Notice the sign convention: + 
for tension and - for compression. 

SuL 
AE‘ ..t1  

- 8.33 EE-4 
0 

2.78 EE-4 
0 

2.78 EE-4 
0 

2.78 EE-4 
- 4.00 EE-4 
-4.00 EE-4 

9.00 EE-4 
9.00 EE-4 
1.00 EE-4 
1.00 EE-4 

12.01 EE-4 (ft) 
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step 1: The moment diagram for the actual beam is 	step 5: The conjugate moment at x* = 30 is 

M* = (3.151 EE-3) (30) + (1.529 EE-3)(30 - 10) 

- (9.171 EE-3) (;) (15) 

= 7.926 EE-2 in 

U = 

Similarly, the energy 
Member 

(-1000) 2 (70.7) 
= 35.4 in-lbf 

be determined. 
2 (10 EE5) 

in all members can 

The conjugate moment at the right-most load is AB 70.7 -1000 +35.4 
BC 70.7 +1000 +35.4 

M* = (3.472 EE-3) (20) + (1.019 EE-3)(13.3) AC 100 +707 +25.0 

- (9.171 EE-3) 
(
-
20

) (10) 
90 

BD 
CD 

100 
70.7 

-1414 
-1000 

+100.0 
+35.4 

= 6.266 EE-2 in CE 50 +2121 +112.5 
DE 50 +707 +12.5 
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Since 12.01 EE-4 is positive, the deflection is in the 
direction of the dummy unit load. In this case, the 
deflection is to the right. 

10 COMBINED STRESSES 

Most practical cases of combined stresses have normal 
stresses on two perpendicular planes and a known shear 
stress acting parallel to these two planes. Based on 
knowledge of these stresses, the shear and the normal 
stresses on all other planes can be found from conditions 
of equilibrium. 

Under any condition of stress at a point, a plane can 
be found where the shear stress is zero. The nor-
mal stresses on this plane are known as the principal 
stresses. The principal stresses are the maximum and 
the minimum stresses at the point in question. 

The normal and shear stresses on a plane whose normal 
line is inclined an angle 0 from the horizontal are given 
by equations 12.44 and 12.45. 

1 , 	, 	1 , 
ae = –2 	+ 	+ – tax  – ay ) cos 20 + T sin 20 12.44 

2 

is --(0-x  — au ) sin 20 + r cos 20 	 12.45 
2 

The maximum and minimum values of ao and re (as 
is varied) are the principal stresses. These are given by 
equations 12.46 and 12.47. 

cr(max, min) =(o- + cry ) r(max) 	12.46 

r(max, min) = 	V(a, – ay ) 2  + (2r) 2  12.47 

Figure 12.13 Plane of Principal Stresses 

The angles of the planes on which the normal stresses 
are minimum and maximum are given by equation 
12.48. 0 is measured from the x axis, clockwise if neg-
ative and counterclockwise if positive. Equation 12.48 
will yield two angles. These angles must be used in 
equation 12.44 to determine which angle corresponds 
to the minimum normal stress and which angle corre-
sponds to the maximum normal stress. 

0 = –
1 

arctan( 
 2r 	

12.48 
2 	ax 	

) 
 – 

The angles of the planes on which the shear stress is 
minimum and maximum are given by equation 12.49. 
The same angle sign convention used for equation 12.48 
applies to equation 12.49. 

1 	x – 	ay  ) o = 	(u  –
2 

arctan 	 12.49 

Proper sign convention must be adhered to when using 
equations 12.44 through 12.49. Normal tensile stresses 
are positive; normal compressive stresses are negative. 
In two dimensions, shear stresses are designated as clock-
wise (positive) or counterclockwise (negative). 

Figure 12.14 Sign Convention 

Example 12.13 

Find the maximum shear stress and the maximum nor-
mal stress on the object shown. 

4000 psi 

5000 psi 

20,000 psi 	 20,000 psi 

5000 psi 

4000 psi  

By the sign convention of figure 12.14, the 4000 psi 
is negative. From equation 12.47, the maximum shear 
stress is 

1 	  
rma. = –2 

V[20,000 – (-4000)1 2  + R2)(5000)1 2  

= 13,000 psi 

From equation 12.46, the maximum normal stress is 

1 
ama. = –

2 
[20,000 + (-4000)] + 13,000 

= 21,000 psi (tension) 

11 DYNAMIC LOADING 

If a load is applied suddenly to a structure, the transient 
response may create stresses greater than would nor-
mally be calculated from the concepts of statics and me-
chanics of materials alone. Although a dynamic anal-
ysis of the structure is appropriate, the procedure is 
extremely lengthy and complicated. Therefore, arbi-
trary dynamic factors are applied to the static stress. 
For example, if the load is applied quickly compared to 
the natural period of the structure, a dynamic factor of 
2 can be used. This assumes that the load is applied as 
a ramp function. 

12 INFLUENCE DIAGRAMS 

Shear, moment, and reaction influence diagrams (influ-
ence lines) can be drawn for any point on a beam or 
truss. This is a necessary first step in the evaluation of 
stresses induced by moving loads. It is important to re-
alize, however, that the influence diagram applies only 
to one point on the beam or truss. 

A. INFLUENCE DIAGRAMS FOR BEAM REAC-
TIONS 

In a typical problem, the load is fixed in position, and 
the reactions do not change. If a load is allowed to move 
across a beam, the reactions will vary. An influence 
diagram can be used to investigate the value of a chosen 
reaction as the load position varies. 

To make the influence diagram as general in applica-
tion as possible, the load is taken as one pound. As an 
example, consider a 20 foot, simply supported beam, 
and determine the effect on the left reaction of moving 
a one-pound load across the beam. 

If the load is directly over the right reaction (x = 0), 
the left reaction will not carry any load. Therefore, 
the ordinate of the influence diagram is zero at that 
point. (Even though the right reaction supports one 

pound, this influence diagram is being drawn for one 
point only—the left reaction.) Similarly, if the load is 
directly over the left reaction (x = L), the ordinate of 
the influence diagram will be 1. Basic statics can be 
used to complete the rest of the diagram, as shown in 
figure 12.15. 

1 lbf 

	 I 

RLt 
	

X  

1 

Figure 12.15 Influence Diagram for Reaction 
of Simple Beam 

We can use this rudimentary example of an influence 
diagram to calculate the left reaction for any placement 
of any load (not just one-pound loads) by multiplying 
the actual load by the ordinate of the influence diagram. 

RL = P x ordinate 	12.50 

Even though the influence diagram was drawn for a 
point load, it can still be used when the beam carries 
a uniformly distributed load. In the case of a uniform 
load of w lbf/ft distributed over the beam from x1 to 
x2, the left reaction can be calculated from equatitin 
12.51. 

Z2 

RL = f (ID x ordinate)dx 

= w x area under curve 	12.51 

Example 12.14 

A 500 lbf load is placed 15 feet from the right end of 
a 20 foot, simply supported beam. Use the influence 
diagram to determine the left reaction. 

Since the influence line increases linearly from 0 to 1, 
the ordinate is the ratio of position to length. That is, 
the ordinate is 15/20 = 0.75. The left reaction is 

RL = (0.75)(500) = 3751bf 

Example 12.15 

A uniform load of 15 lbf/ft is distributed between x = 4 
and x = 10 along a 20 foot, simply supported beam. 
What is the left reaction? 



12-16 	 CIVIL ENGINEERING REFERENCE MANUAL 	 MECHANICS OF MATERIALS 	 12-17 

15 ibf/ft 
riTTTTTT1  

f  

R1 	 tA R 

1 
0.5 

10 	4 	x  

From equation 12.51, the left reaction can be calculated 
from the area under the influence diagram between the 
limits of loading. 

1 
area = —

2 
(10)(0.5) — —

1
(4)(0.2) = 2.1 

2 
The left reaction is 

RL = (15)(2.1) = 31.5 lbf 

B. FINDING REACTION INFLUENCE DIAG ,AMS 
GRAPHICALLY 

Since the reaction will always have a value of one when 
the unit load is directly over the reaction, and since the 
reaction is always directly proportional to the distance 
x, the reaction influence diagram can be easily deter-
mined from the following steps: 

step 1: Remove the support being investigated 

step 2: Displace (lift) the beam upward a disl,...nce of 
one unit at the support point. The resulting 
beam shape will be the shape of the reaction 
influence diagram. 

Example 12.16 

What is the approximate shape of the reaction influence 
diagram for reaction 2? 

hinge 	 hinge 

11;4  

	

II; 	3 al";2 

• 
lifiRir1 

Pushing up at reaction 2 such that the deflection is one 
unit results in the shown shape. 

C. INFLUENCE DIAGRAMS FOR BEAM SHEARS 

A shear influence diagram (not the same as a shear dia-
gram) illustrates the effect on the shear at a particular 
point in the beam of moving a load along the beam's 
length. As an illustration, consider point A along the 
length of a 20 foot, simply supported beam. 

In all cases, principles of statics can be used to calculate 
the shear at point A as the sum of loads and reactions 
on the beam from point A to the left end. (With the ap-
propriate sign convention, summation to the right end 
could be used as well.) If the unit load is placed be-
tween the right end (x = 0) and point A, the shear at 
point A will consist only of the left reaction, since there 
are no other loads between point A and the left end. 
From the reaction influence diagram, we know that the 
left reaction varies linearly. At x = 12, the location of 
point A, the shear is V = RE, = 12/20 = 0.6. 

A 
I • I 

R tL 8 12 1 R R 
I 

0.6 
V = R L  = To- 

y 

Figure 12.16 Shear Influence Diagram 
for Simple Beam 

When the unit load is between point A and the left end, 
the shear at point A is the sum of the left reaction (up-
ward and positive) and the unit load itself (downward 
and negative). Therefore, V = RL — 1. At x = 12, the 
shear is V = 0.6 — 1 = —0.4 

Figure 12.16 is the shear influence diagram. In the di-
agram, notice that the shear goes through a reversal of 
1. It is also helpful to note that the slopes of the two 
inclined sections are the same. 

Shear influence diagrams are used in the same manner 
as reaction influence diagrams. The shear at point A 
for any position of the load can be calculated by multi-
plying the ordinate of the diagram by the actual load. 
Distributed loads are found by multiplying the uniform 
load by the area under the diagram between the lim-
its of loading. If the loading extends over positive and 

negative parts of the curve, the sign of the area is con-
sidered when performing the final summation. 

If it is necessary to determine the distribution of load-
ing which will produce the maximum shear at a point 
whose influence diagram is available, the load should 
be positioned in order to maximize the area under the 
diagram. 2  This can be done by "covering" either all of 
the positive area or all of the negative area. 3  

D. SHEAR INFLUENCE DIAGRAMS BY VIRTUAL 
DISPLACEMENT 

A difficulty in drawing shear influence diagrams for con-
tinuous beams on more than two supports is finding the 
reactions. The method of virtual displacement or virtual 
work can be used to find the influence diagram without 
going through that step. 

step : Replace the point being investigated (i.e., 
point A) with an imaginary link with unit 
length. (It may be necessary to think of the 
link as having a length of 1 foot, but the link 
does not add to or subtract from any length 
of the beam.) If the point being investigated 
is a reaction, place a hinge at that point and 
lift the hinge upward a unit distance. 

step 2: Push the two ends of the beam (with the 
link somewhere in between) a very small 
amount until the linkage is vertical. The dis-
tance between supports does not change, but 
the linkage allows the beam sections to as-
sume a slope. The sections to the left and 
right of the linkage displace 6 1  and 62, respec-
tively, from their equilibrium positions. The 
slope of both sections is the same. Points of 
support remain in contact with the beam. 

A 	 original beam 

• 

a 
beam with 
hinged linkage 

a 	length = one unit t) 

• • 

51- 41L--------------■...„.........„ 
-4-- 

L5 1 

Figure 12.17 Virtual Beam Displacements 
2 If the minimum shear is requested, the maximum negative shear 
is implied. The minimum shear is not zero in most cases. 

3 Usually, the dead load is assumed to extend over the entire 
length of the beam. The uniform live loads are distributed in any 
way which will case the maximum shear. 

step 3: Determine the ratio of 61 and 62. Since the 
slope on the two sections is the same, the 
longer section will have the larger deflection. 
If L = a + b is the length of the beam, 
the relationships between the deflections can 
be determined from equations 12.52 through 
12.54. 

+ 62 = 1  

K — T) 
, a \ 

61 = q;) 6 

(n 6  
2 	.0 

12.52 

12.53 

12.54 

Since 6 = 61 + 62 was chosen as one, equa-
tions 12.53 and 12.54 really give the rela-
tive proportions of the unit link which ex-
tend below and above the reference line in 
figure 12.17. 

Knowing that the total shear reversal 
through point A is one unit, and that the 
slopes are the same, the relative proportions 
of the reversal below and above the line will 
determine the shape of the displaced beam. 
The shape of the influence diagram is the 
shape taken on by the beam. 

step 4: As required, use equations of straight lines 
to obtain the shear influence ordinate as a 
function of position along the beam. 

Example 12.17 

For the simply supported beam shown, draw the shear 
influence diagram for a point 10 feet from the right end. 

A 
10' 

• 7' 15'  

If a unit link is placed at point A and the beam ends are 
pushed together, the following shape will result. Notice 
that the beam must remain in contact with the points 
of support, and that the two slopes are the same. 

63 1 	 5  2 

\1_8, 

The overhanging seven feet of beam don't change the 
shape of the shear influence diagram between the sup- 
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ports. The deflections can be evaluated assuming a 15' 	 A 	
original beam 

long beam. f 	• 	 
5 

t  = 15 
= 0.33 a  

4i 

10 
82 = — = 0.67  

15 
The slope in both sections of the beam is the same. This 
slope can be used to calculate 53. 

51 	0.33 
m = —

a 
= 	= 0.066 

83 = (7)(0.066) = 0.46 

Example 12.18 

Where should a uniformly distributed load be placed 
on the beam shown below to maximize the shear at 
section A? 

hinge 	 A 	 hinge ill  • Ili:  al. v nt 
 

Using the principle of virtual displacement, the follow-
ing shear influence diagram results by inspection. (It is 
not necessary to calculate the relative displacements to 
answer this question. It is only necessary to identify the 
positive and negative parts of the influence diagram.) 

To maximize the shear, the uniform load should be dis-
tributed either over all positive or all negative sections 
of the influence diagram. 

E. MOMENT INFLUENCE DIAGRAMS BY 
VIRTUAL DISPLACEMENT 

A moment influence diagram (not the same as a mo-
ment diagram) gives the moment at a particular point 
for any location of a unit load. The method of virtual 
displacement can be used in this situation to simplify 
finding the moment influence diagram. 

step 1: Replace the point being investigated (i.e., 
point A) with an imaginary hinge. 

step 2: Rotate the beam a unit rotation by applying 
equal but opposite moments to each of the 
two beam sections. Except where the point 
being investigated is at a support, this unit 
rotation can be achieved simply by "pushing 
up" on the beam at the hinge point. 

beam with hinge 

CD 	

at point A and 
moments applied 

• 	  

1 

'48

beam with hinge 
= 	 point "pushed up" 

by rotation 

Figure 12.18 Moment Influence Diagram by 
Virtual Displacement 

step 8: The angles made by the sections on either 
side of the hinge will be proportional to the 
lengths of the opposite sections. (Since the 
angle is small for a virtual displacement, 
the angle and its tangent, or slope, are the 
same.) 

0 , 

a 
12.55 

02 = 
L
- 12.56 

L=a+b 12.57 

Example 12.19 

What are the approximate shapes of the moment influ- 
ence diagrams for points A and B on the beam shown? 

hinge 	 A 	 B 	hinge 

By placing an imaginary hinge at point A and rotating 
the two adjacent sections of the beam, the following 
shape results. 

_A8 = 1 

The moment influence diagram for point B is found by 
placing an imaginary hinge at point B and applying 
a rotating moment. Since the beam must remain in 
contact with all supports, and since there is no hinge 
between the two middle supports, the moment influence 
diagram must be horizontal in that region. 

0-i  

F. SHEAR INFLUENCE DIAGRAMS ON CROSS-
BEAM DECKS 

When girder type construction is used to construct a 
road or bridge deck, the loads probably will not be ap-
plied directly to the girder. Rather, the loads will be 
transmitted to the girder at panel points from cross 
beams. Figure 12.19 shows a typical construction de-
tail involving girders and cross beams. 

flow 

AL 

Figure 12.19 Cross Beam Decking 

A load applied to the deck stringers will be transmit-
ted to the girder only at the panel points. Because 
the girder experiences a series of concentrated loads, 
the shear between panel points is horizontal. Since the 
shear is always constant between panel points, we speak 
of panel shear rather than shear at a point. Accordingly, 
shear influence diagrams are drawn for a panel, not for a 
point. Moment influence diagrams are similarly drawn 
for a panel. 

G. INFLUENCE DIAGRAMS ON CROSS-BEAM 
DECKS 

Shear and moment influence diagrams for girders with 
cross beams are identical to simple beams, except for 
the panel being investigated. Once the influence dia-
gram has been drawn for the simple beam, the influence 
diagram ordinates at the ends of the panel being inves-
tigated are connected to obtain the influence diagram 
for the girder. This is illustrated in figure 12.20. 

A 	 simple beam 
1  

'I4 	 i 
a 

lit 	i 	 il 	 e 

girder 

	 I 

t 

for simple 
beam 	-"4 	 for girder 

shear influence 
diagram 

,for simple beam 
LI_ ...' -s,.. 	 moment influence 

..„................/..----\
diagram  

for girder 

Figure 12.20 Comparison of Influence Diagrams 
for Simple Beams and Girders 

H. INFLUENCE DIAGRAMS FOR TRUSS 
MEMBERS 

Since members in trusses are initially assumed to be 
axial members, they cannot carry shears or moments. 
Therefore, shear and moment influence diagrams don't 
exist for truss members. However, it is possible to ob-
tain an influence diagram showing the variation in axial 
force in a given truss member as the load varies in po-
sition. 

There are two general cases for finding forces in truss 
members. The force in a horizontal truss member is 
proportional to the moment across the member's panel. 
The force in an inclined truss member is proportional 
to the shear across that member's panel. 

So, even though we may only want the axial load in a 
truss member, it is still necessary to construct the shear 
and moment influence diagrams for the entire truss in 
order to determine the applications of loading on the 
truss which produce the maximum shear and moment 
across the member's panel. 

Example 12.20 

Draw the influence diagram for vertical shear in panel 
DF of the through truss shown. What is the maximum 
force in member DG if a 1000 pound load moves across 
the truss? 



12-20 	 CIVIL ENGINEERING REFERENCE MANUAL 
	

MECHANICS OF MATERIALS 
	

12-21 

B 	D 	F 	H 	J 

//\VAI25' 

A 	C 	E 	G 	K 	L 
6 @ 20' =  120' 	

x 
I- 	 4-1 

Allow a unit load to move from joint L to joint G along 
the lower chords. If the unit vertical load is at a distance 
x from point L, the right reaction will be -F[1— (x/120)]. 
The unit load itself has a value of (-1), so the shear at 
distance x is just (—x/120). 

Allow a unit load to move from joint A to joint E along 
the lower chords. If the unit load is a distance x from 
point L, the left reaction will be (x/120), and the shear 
at distance x will be [(x/120) — 1]. 

These two lines can be graphed. 

.5 	 slope = (-1/120 

—.333 1  

The influence line is completed by connecting the two 
lines as shown. Therefore, the maximum shear in panel 
DF will occur when a load is at point G on the truss. 

If the 1000 pound load is at point G, the two reactions 
at points A and L will each be 500 pounds. The cut-
and-sum method can be used to calculate the force in 
member DG simply by evaluating the vertical forces on 
the freebody to the left of point G. 

/7 V 

AA 	  
500 

For equilibrium to occur, V must be 500. This vertical 
shear is entirely carried by member DG. The length of 
member DG is 

V(20) 2  + (25) 2  = 32 

The force in member DG is 

DC = (-
32

) 500 = 640 
25 

Example 12.21 

Draw the moment influence diagram for panel DF on 
the truss shown in example 12.20. What is the maxi-
mum force in member DF if a 1000 pound load moves 
across the truss? 

The left reaction is (x/120) where x is the distance from 
the unit load to the right end. If the unit load is to the 
right of point G, the moment can be found by sum-
ming moments from point G to the left. The moment 
is (x/120)(60) = 0.5x. 

If the unit load is to the left of point E, the moment will 
again be found by summing moments about point G. 

1x20) (60) — (1)(z — 60) = 60 — 0.5x 

These two lines can be graphed. The moment for a unit 
load between points E and G is obtained by connecting 
the two end points of the lines derived above. Therefore, 
the maximum moment in panel DF will occur when the 
load is at point G on the truss. 

If the 1000 pound load is at point G, the two reactions 
at points A and L will each be 500 pounds. The method 
of sections can be used to calculate the force in member 
DF by taking moments about joint G. 

DF 

A 	 . 

5 t 500 

E MG (500)(60) — F)(25) = 0 

DF = 1200 

13 MOVING LOADS ON BEAMS 

A. GLOBAL MAXIMUM MOMENT ANYWHERE 
ON BEAM 

If a beam supports a single moving load, the maximum 
bending and shearing stresses at any point can be found 

by drawing the moment and shear influence diagrams 
for that point. Once the positions of maximum mo-
ment and maximum shear are known, the stresses at 
the point in question can be found from equations 12.18 
and 12.24. 

If a simply-supported beam carries a set of moving 
loads (which remain equidistant as they travel across 
the beam), the following procedure can be used to find 
the dominant load. The dominant load is the one which 
occurs directly over the point of maximum moment. 

step 1: Calculate and locate the resultant of the load 
group. 

step 2: Assume that one of the loads is dominant. 
Place the group on the beam such that the 
distance from one support to the assumed 
dominant load is equal to the distance from 
the other support to the resultant of the load 
group. 

step 3: Check to see that all loads are on the span 
and that the shear changes sign under the 
assumed dominant load. If the shear does 
not change sign under the assumed dominant 
load, the maximum moment may occur when 
only some of the load group is on the beam. 
If it does change sign, calculate the bending 
moment under the assumed dominant load. 

step 4: Repeat steps 2 and 3, assuming that the 
other loads are dominant. 

step 5: Find the maximum shear by placing the load 
group such that the resultant is a minimum 
distance from a support. 

B. PLACEMENT OF LOAD GROUP TO MAXIMIZE 
LOCAL MOMENT 

In the design of specific members or connections, it is 
necessary to place the load group in a position which 
will maximize the load on those members or connec-
tions. The procedure for finding these positions of local 
maximum loadings is different from the global maxi-
mum procedures. 

The solution to the problem of local maximization is 
somewhat trial and error oriented. It is aided by use 
of the influence diagram. In general, the variable be-
ing evaluated (reaction, shear, or moment) is maximum 
when one of the wheels is at the location or section of 
interest. 

When there are only two or three wheels in the load 
group, the various alternatives can be simply evaluated 
by using the influence diagram for the variable being 
evaluated. When there are many loads in the load group 
(e.g., a train loading), it may be advantageous to use 
heuristic rules for predicting the dominant wheel. 

14 COLUMNS 

The Euler load is the theoretical maximum load that an 
initially straight column can support without buckling. 
For columns with pinned ends, this load is given by 
equation 12.58. 

1-2E1 (r7r) 2EA 
= 	

L2 	V 
, 12.58 

—  

The corresponding column stress is 

ir2 E 
12.59 

	

A 	2  

Equations 12.58 and 12.59 assume that the column is 
long so that the Euler stress is reached before the yield 
stress is reached. If the column is short, the yield stress 
of the material may be less than the Euler stress. In 
that case, short-column curves based on test data are 
used to predict the allowable column stress. 

The value of L/r at the point of intersection of the 
short column and the Euler curves is known as the crit-
ical slenderness ratio. The critical slenderness ratio be-
comes smaller as the compressive yield stress increases. 
The region in which the short column formulas apply is 
determined by tests for each particular type of column 
and material. Typical critical slenderness ratios range 
from 80 to 120. 

In general, the Euler allowable stress formulas can be 
used if the stress obtained from equation 12.59' does not 
exceed the compressive yield stress. 

Example 12.22 

An S-type, 4 x 9.5 A36 steel I-beam 8.5' long is used 
as a column. What is the working stress for a safety 
factor of 3? Use E = 2.9 EE7 psi. The yield stress for 
A36 steel is 36,000 psi. The required properties of the 
I beam are A = 2.79 in 2 , / = 0.903 in4 , and r = 0.569 
in. 

From equation 12.59, the Euler stress is 

CIe  = 2 ( 2 . 9 EE7) 
 = 8907 psi 

1 (8.5)(12)1 2  
L 0.569 j 

Since 8907 is less than 36,000, the Euler formula is valid. 
The allowable working stress is 

8907 
Ca = 	= 2969 psi 



Figure 12.21 Hoop and Long Stresses 

3 RIVET AND BOLT CONNECTIONS 

to determine the maximum load the splice can carry. 

MED 

Figure 12.22 A Tension Splice 

The plate can fail in bearing. For one connector, the 
bearing stress in the plate is 

(Tor = - 
Dt 

12.72 
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An ultimate load for any column can be found by us-
ing the secant formula. The secant formula is particu-
larly suited for use when the column is intermediate in 
length. The maximum stress, crma,„ at the extreme com-
pressive fiber should be kept below the compressive 
yield strength. 

Crmax = aave (1 + amplification factor) 

F = A ( ec 1 
k 
 sec  [7r 

	

2 	2 V Fe  

F(ec[LiF = 	i± sec  	1) 

	

A 	k2 	2k V AE 

ec 
= 

A
- (I + - sec 4)) 

	

 k2 	
12.60 

2 k AE 

The formula is solved by trial and error for F with the 
given eccentricity, e. If the value of e is not known, the 
eccentricity ratio (ecIr2 ) is taken as 0.25. Substituting 
this value and E = 2.9 EE7 for steel and 1.00 EE7 for 
aluminum, respectively, the following formulas result 
which converge quickly to the known L/r ratio when 
assumed values of F are substituted. 

( 0.25F 
= arccos  	12.62 

.Sy A - F 

EA 
- = 20\1 - 	 12.63 

	

L) 	10,770(q1)  

steel 
 12.64 

F  

VA 
12.65 

/ ( -"I: .) aluminum = 632,\FF5(°)  
71 

Example 12.23 

A steel member (Sy  = 36,000 psi, A -= 17.9 in2 , least 
r = 2.45 in) is used as a 20-foot column. Use the secant 
formula and a factor of safety of 2.5 to determine the 
maximum concentric load. 

Even though the loading is intended to be concentric, 
use ecIr2  = 0.25 to account for uncertainties in con-
struction and loading. 

The slenderness ratio is 

L _ (20)(12)  _ 98  
r - 2.45 - 

Assume a critical load of F = 300,000 lbf. From equa-
tion 12.62, 

	

= arccos 	
(0.25)(300)  1 

(36)(17.9) - 300 j 	
1.35 radians  

From equation 12.64, 

L = (10, 770)(1.35)  = 
112.3 

/300,000  
V 17.9 

Since LIr will be smaller when F is larger, try F = 
350,000 lbf. 

(0.25)(350)  
(36)(17.9) _ 3 50 ] = arccos 	= 1.27 

L 	(10, 770)(1.27)  
	 = 97.8 (close enough) 

r 	/350, 000  
V 17.9 

350,000 
Fallowable 	2 : 5 	= 140,000 lbf 

All the preceding column formulas are for columns with 
frictionless round or pinned ends. For other end condi-
tions, the effective length L' should be used in place of 
L. 

KL 	 12.66 

K is the end restraint coefficient which varies from 0.5 
to 2. For practical columns, K smaller than 0.7 should 
not be used because infinite stiffness of the support 
structure is not normally achievable. 

Table 12.3 
Theoretical End-Restraint Coefficients 

(Also see table 15.5) 

ideal 	design 
illus. end conditions  
(a) both ends pinned 	1 	1.0* 
(b) both ends built in 	0.5 	0.65* -0.90 
(c) one end pinned, one end 

built in 	 0.707 0.80* -0.90 
(d) one end built in, one end 

free 	 2 	2.0-2.1* 
(e) one end built in, one end 

fixed against rotation 
but free 	 1 	1.2* 

(f) one end pinned, one end 
fixed against rotation 
but free 	 2 	2.0*  

* AISC values 
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1 SPRINGS 

Springs are assumed to be perfectly elastic within their 
working range. Hooke 's law can be used to predict 
the amount of compression experienced when a load is 
placed on a spring. 

F = kx 	 12.67 

k is the spring constant. It has units of pounds per unit 
length. 

When a spring is compressed, it stores energy. This en-
ergy can be recovered by restoring the spring's original 
length. It is assumed that no energy is lost through 
friction or hysteresis when a spring returns to its orig-
inal length. The energy storage in a spring is given by 
equation 12.68. This energy is the same as the work 
required to compress the spring. 

W = LW = kx 2 	 12.68 

If a weight is dropped from height h onto a spring, the 
compression can be found by equating the change in 
potential energy to the energy storage. 

2 THIN-WALLED CYLINDERS 

A cylinder can be considered thin-walled if its wall thick-
ness-to-diameter ratio is less than 0.1. The circumfer-
ential hoop stress for internal pressure can be derived 
easily from the free-body diagram of a cylinder half. 4  
This hoop stress is 

pr 
ah = 7 	 12.70 

Since the cylinder is assumed to be thin-walled, the ra-
dius used in equation 12.70 is taken as the inside radius. 

If the cylinder is part of a tank, the axial force on the 
end plates produces an axial stress. The axial force 
is equal to the tank pressure times the end plate area. 
The stress produced is at right angles to the hoop stress. 
Accordingly, it is called longitudinal stress or long stress. 

pr 
UL = 	 12,71 

Equation 12.71 also gives the stress in a spherical tank. 
In a spherical tank, the hoop and long stresses are the 
same. 

4 There is no easy method of evaluating stresses in thin-walled 
cylinders under external pressure, since failure is by collapse, not 
elongation. However, empirical equations exist for predicting the 
collapsing pressure. 

PART 2: Application to Design 
The hoop and long stresses are principal stresses. They 
do not combine into a larger stress. 

A tension splice using rivets or bolts can fail in one 
m 

 (
-) (h + x) = lkx2  12.69 of three ways: bearing failure, shear failure, or tension 
gc failure. All three failure mechanisms must be checked 



Ubr  nbr = 	 12.73 
allowable bearing stress 

The rivet can fail in shear. The shear stress in the rivet 
is 

T = 	
1-D2 	

12.74 
1  4 

The number of rivets required, as determined by shear, 
is 

n, — 	   
allowable shear stress 	

12.75 
 

The plate also can fail in tension. If there are n rivet 
holes in a line across the width of the plate, the mini-
mum area in tension will be 

At  = t(w — nD) 	 12.76 

The tensile stress in the plate at the minimum section 
is 

ut = — 	 12.77 
At 

The maximum number of rivets across the plate width 
must be chosen to keep the tensile stress less than the 
allowable stress. 

4 FILLET WELDS 

The most common weld type is the fillet weld, shown in 
figure 12.23. Such welds commonly are used to connect 
one plate to another. The applied load is assumed to 
be carried by the effective weld throat which is related 
to the weld size, y, by equation 12.78. 

y 	L 

-rnif—re/ 

e 

Figure 12.23 Fillet Lap Weld and Symbol 

te  = (0.707)y 	 12.78 

Weld sizes (y) of A", ill , and IV are desirable because 
they can be made in a single pass. However, fillet welds 
from -1" to 	in ,÷6 " increments are available. The 
increment is I n  for larger welds. 

Neglecting any effects due to eccentricity, the shear 
stress in the fillet lap weld shown in figure 12.23 is 

12.79 
= -7-W e  

5 SHAFT DESIGN 

Shear stress occurs when a shaft is placed in torsion. 
The shear stress at the outer surface of a bar of radius, 
r, which is torsionally loaded by a torque, T,is 5  

Tr 
T = Gq5 = 7 	 12.80 

The total strain energy due to torsion is 

TT 	21211 
= 	 12.81 

2GJ 

J is the shaft's polar moment of inertia, as defined in 
chapter 11. For a solid round shaft, J is 

	

4 	n4 irr 
12.82 

	

2 	32 

For a hollow round shaft, the polar moment of inertia 
is 

= 	ri4] 	 12.83 

If a shaft of length L carries a torque T, the angle of 
twist (in radians) will be 

As  T TL 
12.84 

GJ 

G is the shear modulus, approximately equal to 11.5 
EE6 psi for steel. The shear modulus can be calculated 
from the modulus of elasticity by using equation 12.85. 

G= 	 12.85 
2(1 + p) 

5 Shear stress in steel shafts commonly is limited to approxi-
mately 6000 psi. This represents a factor of safety of approxi-
mately 3 based on the torsional yield strength. 

6 ECCENTRIC CONNECTOR ANALYSIS 

An eccentric torsion connection is illustrated in figure 
12.24. This type of connection gets its name from the 
load's tendency to rotate the bracket. This rotation 
must be resisted by the shear stress in the connectors. 

Figure 12.24 Torsion Resistance 

An extension of equation 12.80 can be used to evaluate 
the maximum stresses in the connector group. To use 
equation 12.80, the following changes in definition must 
be made. 

• The torque, T, is replaced by the moment on the 
bracket. This moment is the product of the eccen-
tric load, F, and the distance from the load to the 
centroid of the fastener group, x. 

• r is taken as the distance from the centroid of the 
fastener group to the critical fastener. The critical 
fastener is the one for which the vector sum of the 
vertical and torsional shear stresses is the greatest. 

• J is based on the parallel-axis theorem. As bolts 
and rivets have little resistance to twisting in their 
holes, their polar moments of inertia, 4, are omit-
ted. 

J=>2rAj 12.87  

r, is the distance from the fastener group centroid 
to the ith fastener, which has an area of A. 

Example 12.24 

For the bracket shown, find the load on the most critical 
fastener. All fasteners have a nominal 	diameter. 

2" 	2" - 	 

— O 	0 

2 " 

L  0 	 0  A1000 lbf 

Since the fastener group is symmetrical, the group cen-
troid is centered within the 4 fasteners. This makes the 
eccentricity of the load equal to 3 inches. Each fastener 
is located r from the centroid, where 

= \/(1) 2  ± (1) 2  = 1.414 

The area of each fastener is 

A, = 1740.5) 2  = 0.1963 

Using the parallel axis theorem for polar moments of 
inertia, 

J = 4[0.1963(1.414) 2] = 1.570 in4  

The torsional stress on each fastener is 

(1000)(3)(1.414)  
TT = (1.570) 	

= 2702 psi 

This torsional shear stress is directed perpendicularly 
to a line connecting each fastener with the centroid. 

TT 

0 

\a/ rT TT 	91, 

0 

TT 
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The torque, T, carried by a shaft spinning at n revo- • The vertical shear stress in the critical fastener 
lutions per minute is related to the transmitted horse- 	must be added in a vector sum to the torsional 
power.6 	 shear stress. This vertical shear stress is 

(63,025) (horsepower) 
T = 	 12.86 	 F/# of fasteners 

n 	 vertical shear stress = 	 12.88 
Acritical 

6 The torque is assumed to be steady, as would be supplied by and, x  
a belt or a pulley. If the load varies, or if the shaft also carries a 	TT can be divided into horizontal stresses of 7 -7,   
bending moment, a more complex method is required. 	 vertical stresses of TT, y . Both of these components 



cable diameter.) If d is the cable diameter in inches, R 	breaking strength = 8.13 (2000) = 16,260 lbf 
is the bending radius in inches, and N is the number of 
wires in the cable (114 for a 6x 19 cable), the equivalent 	factor of safety = 16,260= 1.33 
tensile load from bending is approximately 	 12,240 

2.8 EE9d3  
F - 	

N2R 	
12.92 

Even without including the cable weight, this is not 
adequate, since a factor of safety of at least 5 is recom-
mended. 
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L 

are equal to 1911 psi. In addition, each fastener car-
ries a vertical shear load equal to (1000/4) = 250 
pounds. The vertical shear stress due to this load is 
(250/.1963) = 1274. 

The two right fasteners have vertical downward compo-
nents of rT which add to the vertical downward stress of 
1274. Thus, both of the two right fasteners are critical. 
The total stress in each of these fasteners is 

T = V(1911) 2  + (1911 + 1274) 2  = 3714 psi 

7 SURVEYOR'S TAPE CORRECTIONS 

The standard surveyor's tape consists of a fiat steel rib-
bon with a length very close to 100 feet. Such tapes 
are standardized at a particular temperature and with 
a specific tension and type of support. Since the tape 
cannot be used in the conditions under which it was 
standardized, corrections are needed. 

A. TEMPERATURE CORRECTION 

If the tape is not used at the standardized temperature, 
the change in length will be 

Ct  = a (T - Tstd)L 	 12.89 

a for steel has an approximate value of 6.5 EE-6 1/°F, 
although low-coefficient tapes containing nickel can re-
duce this expansion 75%. The correction given by equa-
tion 12.89 can be positive or negative, depending on the 
values of T and Tom. The correction is applied to the 
distance according to the algebraic operations listed in 
table 12.4. 

Table 12.4 
Corrections for Surveyors' Tapes 

measuring setting 
a distance out points 

add Ci subtract et 
add Cp  subtract Cp  

B. TENSION CORRECTION 

The correction due to non-standard pull (tension) can 
be found from equation 12.90. It can be either positive 

or negative. 
(F - Fatd)L 	 12.90 

= AE 

The correction is applied to the distance according to 
the algebraic conventions listed in table 12.4. 

Example 12.25 

A steel surveyor's tape is standardized at 68°F. It is 
used at 50°F to place two monuments exactly 79 feet 
apart. What should be the tape reading used to place 
the monuments? 

From equation 12.89, 

Ct  = (6.5 EE-6)(50 - 68)(79) = -9.2 EE-3 

From table 12.4, 

tape reading = 79.0000 - (-9.2 EE-3) 

= 79.0092 

(The tape cannot be read to the degree of precision 
indicated by this answer.) 

8 STRESS CONCENTRATION FACTORS 

Stress concentration factors are correction factors used 
to account for nonuniform stress distributions within 

objects. 7  Nonuniform distributions result from nonuni-
form shapes. Examples of nonuniform shapes requiring 
stress concentration factors are stepped shafts, plates 
with holes, shafts with keyways, etc. 

The actual stress experienced is the product of the 
stress concentration factor and the ideal stress. Val-

ues of K always are greater than 1.0, and they typically 
range from 1.2 to 2.5 for most designs. The exact values 
must be determined graphically from published results 
of extensive experimentation. 

=-- Ko- 
	 12.91 

9 CABLES 

Cables (wire ropes) can be obtained in a wide variety 
of materials and cross sections to suit the application. 
Strength and weight properties of steel standard hoist-

ing rope (6 strands of 19 wires each) are given in table 

12.5. 
In addition to the primary tension load, the design of 
cables should include the significant effects of bending, 
friction, and the weight of the cable. Appropriate dy-
namic factors should be applied to allow for acceler-
ation, deceleration, stops, and starts. In general, the 
working stress should not exceed 20% of the breaking 
strength (i.e., a factor of safety of 5). 

The stress due to bending a cable, such as bending 
around a drum, is included as an equivalent added ten-
sion load. (For good design, the diameter of the drum 
on which a cable is wound should be 45 to 90 times the 

7  Stress concentration factors also are known as stress risers. 

Table 12.5 
6 x 19 (Standard Hoisting) Wire Ropes 

diam. 
inches 

approx. 
weight 
per ft., 
pounds 

breaking strength 
tons of 2000 pounds 

impr. 	 mild 
plow 	plow 	plow 
steel 	steel 	steel 

1/4 0.10 2.74 2.39 2.07 
5/16 0.16 4.26 3.71 3.22 
3/8 0.23 6.10 5.31 4.62 
7/16 0.31 8.27 7.19 6.25 
1/2 0.40 10.7 9.35 8.13 
9/16 0.51 13.5 11.8 10.2 
5/8 0.63 16.7 14.5 12.6 
3/4 0.90 23.8 20.7 18.0 
7/8 1.23 32.2 28.0 24.3 
1 1.60 41.8 36.4 31.6 
11/8 2.03 52.6 45.7 39.8 
1 1/4 2.50 64.6 56.2 48.8 
13/8 3.03 77.7 67.5 58.8 
1 1/2 3.60 92.0 80.0 69.6 
15/8 4.23 107 93.4 81.2 
13/4 4.90 124 108 93.6 
17/8 5.63 141 123 107 
2 6.40 160 139 121 
21/8 7.23 179 156 
21/4 8.10 200 174 
21/2 10.0 244 212 
23/4 12.1 292 254 

For ropes with steel cores, add 71/2% to the above 
strengths. 

For galvanized ropes, deduct 10% from the above 
strengths. 

Example 12.26 

What is the factor of safety when a inch, mild plow 
steel, 6 x 19 standard hoisting cable carrying 10,000 
pounds is bent around a 24 inch sheave? Is the factor 
of safety adequate? 

(2.8  EE9)(0.5) 3  
Fbendin = 

g 	(114)2(12) 	
- 2240 lbf 

Ftotal = 10,000 + 2240 = 12,240 lbf 

10 THICK-WALLED CYLINDERS UNDER 
EXTERNAL AND INTERNAL PRESSURE 

A. STRESSES 

The theory of thick-walled cylinders, Lame's solution, 
is a continuation of the theory of thin-walled cylinders. 
The thick-walled cylinder is assumed to be made up of 
thin laminar rings. The strain variation through the 
wall is determined such that all the rings are in equilib-
rium, and the stresses and the deformations are consis-
tent at the boundaries between the rings. 

Figure 12.25 Thick-Walled Cylinder 

The general equations for stress are given here. 8  

22 	
(pi_19.)917,02 

Ti pi r op, -F 	r2 
aC = 	 12.93 

2 	2 To  - Ti  

22 	(P, -Po)rr,,2  ri  p, - roc, 	
2 

r 2  
ur = 	 12.94 

2 To - ri 

The cases of main interest are those of internal or ex-
ternal pressure only. The stress formulas for these cases 
are summarized in table 12.6. 

The maximum shear and normal stresses occur at the 
inner surface for both external and internal pressure. 

8  It is essential that compressive stresses be given a negative 
sign in all thick-walled cylinder equations, including those for 
deflection. 



Table 12.7 
Flat Plates Under Uniform Pressure of p psi 

edge 	maximum 	 deflection at 
shape 	condition 	stress 	 center 

circular 	simply 	(3/8)pr2 (3 +kt)/t 2  
supported 

in 	

at center 

3 4 r 
at edge 	

(3/16)pr4 (1 -p)(5 +//)/(Et 3 ) 

built- (/ )P 2 t2  /  
(3/16)pr4  (1 -p,2 )/(Et3 ) 

rectangular 
IbI 

simply 	Cipb2 /t2  
supported 	at center 	 C2pb4 /(Et3 ) 

built- 	C3pb2 /t2  

in 	at centers of 	C4pb4 /(Et 3 ) 
long edges 

1.4 	1.6 	1.8 	2 	3 	4 	5 	oo 

0.453 0.517 0.569 0.610 0.713 0.741 0.748 0.750 
0.077 0.091 0.102 0.111 0.134 0.140 0.142 0.142 
0.436 0.487 0.497 0.500 0.500 0.500 0.500 0.500 
0.023 0.025 0.027 0.028 0.028 0.028 0.028 0.028 

a/13 1.0 	1.2 

C1 0.287 0.376 
C2 0.044 0.062 
C3 0.308 0.383 
C4 0.0138 0.0188 
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When a longitudinal stress due to internal pressure act- 	AD = 0.000678 (1) = 0.000678 inch 
ing against end plates exists, the longitudinal stress is 

1371  

-= 	 12.95 
(ro  + ri)t 

The longitudinal stress is assumed to be uniform across 
the wall. The magnitude and the location of the maxi-
mum shear and normal stress is not changed due to the 
addition of the longitudinal stress. 

At every point in the cylinder, cc, Ur, and aL are the 
principal stresses. 

MECHANICS OF' MATERIALS 

shear stress in the brass? Assuming a coefficient of fric- 	Brass, external pressure: 
tion of 0.25, what is the force required to press them 
apart? 	 -(1 2  + 0.5 2 )p 

(1 0.5)(0.5) = 1.667p 

	

\- Aluminum alloy, E = 1.0 EE7,p = .33 	
+ 

	

r- Brass, E = 1.59 EE7,p = .36 	 aro = -P 

( AD ) 	[-1.667p - 0.36(-p)] = (-0.822 EE-7)p 
D 	 1.59 EE7 

AD, = (-0.822 EE-7)p(2) = (-1.644 EE-7)p 

From equation 12.97, 

(b) 

(10,000)(0.5) 2  
= 3333 psi 

aL  - (1 + 0.5)(0.5) 

AD _ [16,667 - 0.3(-10,000  + 3333)]  
0.000506 

D 	 2.9 EE7 

AD = 0.000506 (1) = 0.000506 in 

C. PRESS FITS 
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1.0 2.0 3 

0 

Table 12.6 
Stresses in Thick-Walled Cylinders 

stress external pressure, p internal pressure, p 

aco 
-(7.°2 ± r)p 2qp 

(r o  + ri)t (T., + ri)t 

aro -P 0 

um: 
-27-02p ( rz ± rnp  

(r, + ri)t (r, + ri)t 

Uri 0 -P 

rmax (1) aci (1) (cici + P) 

B. STRAINS 

The diametral strain, LID/D, and the circumferential 

strain, AC/C, are equal in a circular cylinder under 
pressure loading. 

AD AC _ Ar _ ac - (ur +aL)  12.96 
D 	C r 

Example 12.27 

A steel cylinder of 1" I.D. and 2" O.D. is pressurized 
internally to 10,000 psi. (a) There are no end caps. 
What is the change in the inside diameter? (b) What 
would be the effect on the inside diameter of adding end 
caps? Use E = 2.9 EE7 and = 0.3. 

From table 12.6, 

= 
(1 2  ± 0.52)(10

'
000) 

 = 16,667 psi cle2  (1 + 0.5)0.5 
= -10,000 psi 

crL = 0 

From equation 12.96, 

AD 
 = 

[16,667  - 0.3(-10,000  + 0)]  
0.000678 ry  T  

2.9 EE7  

If two cylinders are pressed together with an initial in-
terference, /, the pressure, p, acting between them ex-
pands the outer cylinder and compresses the inner one. 
Interference usually means diametral interference. Al-
though the total interference can be allocated to inner 
and outer cylinders in almost any combination, the to-
tal interference usually is given to the outer disk in the 
case of shafts with disks. 

= IADilouter cylinder + IAD,' ■ inner cylinder 	12.97 

If the cylinders are the same length, this method can 
be used to find the stress conditions after assembly. A 
stress concentration factor as high as 4 may be needed 
if the lengths are different. 

In the special case where the shaft and the hub have 
the same modulus of elasticity and the shaft is solid, 
the total interference can be found from equation 12.98. 
The interference pressure, p, can be found if I is known. 

4r,haftP  F 
1= 	 )2 	12.98 L i- (rghaft  

rhub 

When pieces are pressed together, the assembly force 
can be calculated as a sliding frictional force based on 
the normal force. 

Fmax, assembly = fN = 27rrshaft-LPf 	12.99 

The coefficient of friction for press fits is highly variable, 
having been reported in the range of 0.03 to 0.33. 

If the hub is acted upon by a torque or a torque-causing 
force, the maximum resisting torque can be calculated. 

T. = 27r82haft LPf 	 12.100 

Example 12.28 

A brass inner cylinder and an aluminum alloy outer 
cylinder (both 2.0" long) have been pressed together 
with an interference of 0.004 in. What is the maximum 

Aluminum alloy, internal pressure: 

(1.5 2  + 1 2 )p  
=  (1.5 + 1)(0.5) =26  

ari 

(AD 	[2.6p - 0.33(-p)]  

= 	1.0 EE7 	
_ (2.93 EE-7)p 

D ) 2   

AD, = (2.93 EE-7)p(2) = (5.86 EE-7)p 

(5.86 EE-7) lp + I (-1.644 EE-7)1p = 0.004 
p = 5330 psi 

From table 12.6, 

-2(1 2 )5330  
aci brass = 	 = 14,213 psi 

' 	(1 + 0.5)(0.5) 

1 
Tmax = -2 

(14,213) = 7106.5 psi 

The force to separate the cylinders is 

F = (5330)[27(1)(2)] (0.25) = 16,745 lbf 



Ph 

0 
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11 FLAT PLATES UNDER UNIFORM 	 Example 12.29 
PRESSURE LOADING The end of a 10" inside diameter pipe is capped by 

welding on an end plate made from mild steel. The 
Formulas for stresses and deflections of flat plates are safe stress in the end cap is 11,100 psi. The internal 
given in table 12.7. Their application is subject to the pressure in the pipe is 500 psia. What plate thickness 
following constraints, is required? 

• The plates are of medium thickness, meaning that 
the thickness is equal to or less than 1/4 the min-
imum width dimension, and the maximum deflec-
tion is equal to or less than 1/2 the thickness. 

• The plates are constructed of isentropic, elastic 
material, and the elastic limit is not exceeded un-
der the applied loading. 
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Appendix A: Elastic Beam Formulas 

F 

: 
[ 1 Liml."1• 1:"..:1.  

	

[41
A 	

[7] 

x 	

w lb/in 	 . 	w lb/in 
[211114111fiNfithaffill ill: 	[51  1111 1 1111131 !I 11:1P111441 

	. , , w lb/in, 
[81 ::P .: k‘ W II At:244[10i a iz .::::: 	...:::: 	• 	• 	...:, ..  

	

I,---7-- 	L 	 1-7- X 

	

w lb/in 	 b 
[ 	 13]  _ , 01,14,011ftliAll i i,.  . iN: w lb/in 	[6 ] 	,..,olifind al' 

.i....._..... 
q 	 Till 	..F.__.,.. I ..---....I 

	

A 	 A 	
191 	

A 
I— a 	xb 

case moment 	 deflection 

1 M = Fx 
Mmax = FL 

y = (F16E1)(2L3  — 3L 2 x + x3 ) 
Ymax = FL3I3EI 

2 M =lwx 2  
Mmax  = 1 wL 2  

y = (w124E1)(3L 4  — 4L 3 x + x4 ) 
ymax  = wL 4 18E1 

3 M = wx 3 /6L 
Mmax = wL2 /6 

y = (w/120E/L)(4L5  — 5L4 x + x5 ) 
ymax  = wL4 /30E1 

4 M = —1 Fx 
Mmax = —FL 

y = (Fx148E1)(3L2  — 4x2 ) 
ymax  = FL3 148E1 

5 M = (lwx)(x — L) 
Mmax  = —wL 2  18 

y = (wx124E1)(L 3  — 2Lx 2  + x3 ) 
ymax = 5wL4 /384E1 

6 M = (—wxI6L)(L 2  — x 2 ) 
Mmax  = —0.064wL 2  at x = 0.5774L 

y = (wx1360EIL)(71, 4  — 10L 2 x 2  + 3x4 ) 
ymax  = 0.00652wL4 /E/ at x --= 0.5193L 

7 M = -IF [(11,) — x] 
Mmax = FL/8 at x= 0 
Mmax = —FL/8 at x= 4 

y = (Fx2 148EI)(3L — 4x) 
yma„ = FL3 /192E1 

8 M = (-12-wL2 ) [(I/6) — (x/L) -I- (x/L) 2 1 
Mmax  = wL2 /12 at x = 0 and x = L 
M = —wL 2 /24 at x = 4 

y = (wx 2 124E1)(L — x) 2  
ymax  = wL4 /384E1 

9 Ma  = Fxa  
Mb = (Falb)(b — x b ) 
Mmax = Fa at xa  = a 

ya  = (F 13EI)[(a2  + ab)(a — xa) + (xa12)( 2  
Yb = (FaxbI6E1)[3xb — (4,1b) — 2b] 
Ytip = (Fa2 13EI)(a + b) 	(max up) 

a2 )] 

ymax  = (0.06415)Fab 2 /E/ at xb = 0.4226b (max down) 

The welding produces a round plate with fixed edges. 
From table 12.7, the stress is 

3pr 2 	(3)(500)(5) 2  Cr = - =
4t2 	

= 11,100 psi 
4t2   

Solving for the thickness results in t = 0.92". 



	

F 	A  F 	 m 
0 	a 	 a 

r) 	F 	F 0 NI  
0  

w lb/in 

	

[io]
p 

xa 

xb 	

[12] "4
_..ift 	 '-'. 

*:: 	

xb 	

ti; 	 UltilliffP111 147111 iii A 	
b 	a 

 A 	1:1• 	 :Am 

	

A 	[14] A 	 ...., 
I.---- 

g 
m 
C) 

• 	 = 
0 -n 
E 
D 
—I r- 

a 	

t

F b 	1 	 M oa C.) 0 Mob 
b 

K: 	 m 
[151c till 
I' . 	 x 

xb 

 [11] 1 	 1 	[13] 
A 	 A 	•:4f. 

%.:-. , 
xa 

_ 
xb 

case moment deflection 

10 Ma  = —Fxa  
Mb = — Fa 

Mmax = —Fa (everywhere between loads) 

ya= (Fxal6E1)[(3a)(L — a) — 41] 
Yb = (Fal6EI)[3xb(L — xb) — al 
ymax= (Fa124E1)PL2  — 4a 2 ] 

11 Ma  = —Fbxal L 
Mb = —Fa(L — xb)IL 
Mmax = —Fabl L at xa  = a 

Ya = (Fbxal6EIL)(L 2  — b 2  — x?,) 
Yb = (Fb16EIL)KLIb)(xb _ a )3 ±  (L2 _ b2) xb  _ xg] 
y = Fa2 b2 13EIL at xa  = a 
ymax  = (0.06415Fb/E/L)(L 2  — 62 ) 3/ 2  at x = Va(L + b)13 

12 Ma  = (Fal L)(L — a) — Fx a  
Mb = Fa2  IL 
Ma  = (Fal L)(L — a) 

Ya = (FxV2E/)[a(1 — (al L))— (x 0 13)] 
Yb = (Fa2 12E1)[xb— (41L) —  (a/3)] 
ymax  = (Fa2 124EI)(3L — 4a) at x = -1-L 

13 Ma  = (Fb2  I L 3 )[aL — s a (L + 2a)] 
Mb = (Fa2 1L 3 )[bL — (L — xb)(L + 2b)] 
Moa = Fab2 1 L 2  (max when a < b) 
Mob = Fa2 bIL 2  (max when a > b) 
M = —2Fa2 b2 /L 3  at xa  = a 

Ya = (F4b2 16EIL 3 ){3aL — xa(3a + b)] 
yb = (F(L — xb) 2 a2  I6EIL 3 )[3bL — (L — xb)(3b + a)] 
y= Fa3 b3 13EIL 3  at xa  = a 
Yuma = 2Fa3 b2 1[3EI(L + 2a) 2] at x = 2aL I (L + 2a) 

14 M = (3wLx/8) — lwx2  
Mmax = WL2 /8 at x = L 

y = (wx148EI)[L 3  — 3Lx 2  + 2w 3 ] 

Ymax = wL4 /185E1 at x = 0.4215L 

15 M = M everywhere y = (MI2EI)(L 2  —2xL+ x2 ) 
Ymax = ML 2 12EI at free end 
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Appendix B: Centroids and Area Moments of Inertia 

SHAPE 	 DIMENSIONS 	 CENTROID (x e ,y e ) 	 AREA MOMENT OF INERTIA 

Rectangle 

Y V' 

x' (V2b, %h) 

I x ,  = 	(1/12)bh 3  
I= (1 /12)hb 3  
Y' 
Ix = 	(1/3)bh 3  
I
Y 
 = (1 /3)hb3  

(1112)bh(b2  + h2 )  

t 
h C 

'----- x 
O( 	 b 

Triangle 

1 
i 
, 
‘ 
t 

h 	 ■ 
, 

-4-- b  

y c  = (h/3) 

I x ,  = (1/36)bh 3  
l x  = 	(1/12)bh 3  

Trapezoid 

...k_ b  

y'c 	= 	h(2B + b)  
3(B + b) 

Note that this is measured 
from the top surface. 

h 3 (B 2 +413b-I-b 2 )  
I x' - 	36(B+b) 

h 3 (B+3b) 
I x = 	12 

B 

Quarter-
Circle, of 
radius r 

O 

tilk x 
((4r/3711, 	(4r/371)) l x  = 	l y  = (1/16)1Tr 4  

Jo = (1/8)7Tr 4  

Half 
Circle, of 
radius r 

Ask 	x (0, 	(4031T)) 

l x  = 	l y 	= 	(1/8)1Tr4  

Jo = A1rr4 	Ix, = 

Circle, of 
radius r 

vir  III 	x  
(0,0) 

ly = %1Tr 4  

J o  . .,r4 

Parabolic  
Area 

'4--  2a --)- 

h 

lir 
0 y 

(0, 	(3h/5)) 

I 	= 4h 3  a/7  x  

I Y  = 4ha 3 /15 

Parabolic 
Spandrel 

- 

y = kx2  

O 	 x 

1(3a/4),(3h/10)) 

l x  = ah 3 121 

I 	= 3ha 3 /15 
Y 
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Appendix A, continued 
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Appendix C: Typical Properties of Structural Steel, 
Aluminum, and Magnesium (ksi) 

Designation 	Application 	Su  
Approximate 

Sy 	Se  

A36-70a 	shapes 	58-80 36 	29-40 
plates 	 58-80 36 	29-40 

A53-72a 	pipe 	 60 35 	30 
A242-70a 	shapes 	 70 50 	35 

plates to 3/4" 	70 50 	35 
A440-70a 	shapes 	 70 50 	35 

plates to 3/4" 	70 50 	35 
A441-70a 	shapes 	 70 50 	35 

plates to 3/4" 	70 50 	35 
A500-72 	tubes 	 45 33 	22 
A501-71a 	tubes 	 58 36 	29 
A514-70 	plates to 3/4" 	115-135 100 	55 
A529-72 	shapes 	60-85 42 	30-42 

plates to 1/2" 	60-85 42 	30-42 
A570-72 	sheet/strip 	55 40 	27 
A572-72 	shapes 	 60 42 	30 

plates 	 60 42 	30 
A588-71 	shapes 	 70 50 	35 

plates to 4" 	70 50 	35 
A606-71 	hot rolled sheet 	70 50 	35 

cold rolled sheet 	65 45 	32 
A607-70 	sheet 	 60 45 	30 
A618-71 	shapes 	 70 50 	35 

tubes 	 70 50 	35 

Typical Properties of Structural Aluminum (ksi) 

Approximate 
Designation 	Application 	Su, 	Sy  Se  (EE8 cyc.) 

2014-T6 	shapes/bars 	63 	55 19 
6061-T6 	all 	42 	35 14.5 

Typical Properties of Structural Magnesium (ksi) 

Approximate 
Designation Application Su, Sy  Se  (EE7 cyc.) 

AZ31 shapes 38 29 19 
AZ61 shapes 45 33 19 
AZ80 shapes 55 40 

Practice Problems: MECHANICS OF MATERIALS 

Untimed  

1. A 14 foot simple beam is uniformly loaded with 200 
pounds per foot over its entire length. If the beam is 
3.625" wide and 7.625" deep, what is the maximum 
bending stress? What is the maximum shear stress? 

2. A reinforced concrete beam is illustrated. It is sub-
jected to a maximum moment of 8125 ft-lbf. The total 
cross-sectional area of steel is 1 square inch. Take the 
modulus of elasticity for concrete to be 2 EE6 psi. Dis-
regard the area of concrete in tension. Use the trans-
formation method to calculate the maximum stress in 
the steel and concrete. 

3. A steel truss with pinned joints is constructed 
as shown. The length/area ratio for each member 
is 50 in-1 .Support R I 's a pin. Support R 21is a roller. 
What is the vertical deflection at the point where 
the 10 kip load is applied? Use E = 2.9 EE7 psi. 

R 2  

),000 lbf 

R 1  

4. A beam 25 feet long is simply supported at the left 
end and 5 feet from the right end. A uniform load of 2 
kips/ft extends over a 10 foot length starting from the 
left end. There is also a concentrated 10 kip load at 
the right end. Draw the shear and moment diagrams. 

5. A 40 foot long simply supported steel beam with 
moment of inertia I is reinforced along the middle 
20 feet, leaving the two 10 foot ends unreinforced. 

The moment of inertia of the reinforced section is 
21. A 20,000 pound load is applied mid-span along 
the beam, 20 feet from each end. What is the de-
flection in terms of El? 

6. The truss shown carries a moving uniform live load 
of 2 kips per foot and a moving concentrated live load 
of 15 kips. What are the maximum forces in members 
Bb and BC? 

4 panels @ 30' 

A 	 B 	 C 	 D 	 E 

t 	 * 120' 

a 	 b 	 c 	 d 

—.--,,-- 	  
15' 	 3 panels @30' 	 15' 1 

7. A 24 foot, 4 inch X 4 inch white oak timber (E = 1.5 
EE6 psi) is used to support a sign. One end is fixed in 
a deep concrete base, the other end supports a sign 
9 feet above the ground. Neglect wind effects and 
find the critical buckling sign weight. 

8. What is the mid-span deflection for the steel beam 
shown? The cross sectional moment of inertia is 200 
inches4  . 

9. The truss shown carries a group of live loads along 
its bottom chord. What is the maximum force in mem-
ber CD? 

B 	C 	D 	E 	F 

32'  

Aa 	b 	c 	d 	e 	f 	g A 
— 

6 panels @ 27' 

8k 	40k 	7k 	30k 

16' 28' 16' 
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10. The allowable stress in a steel beam is 20,000 psi. 	2. A moving load, consisting of two 30 kip loads 
If the maximum applied moment is 1.5 EE5 ft-lb, what 	separated by a constant 6 feet, travels over a 
is the required section modulus? 	 two -span bridge. The bridge has an interior expan- 

sion joint that can be considered to be a hinge. 
Find the maximum moment and shear at point B. 

Timed  

1. Wet concrete is needed 200 feet from the nearest 
pump location, which is separated from the pour loca-
tion by a deep ravine. It is decided to use a series of 
1/2" steel cables to support a 6" steel pipe. The pipe 
can be assumed to be completely filled with concrete. 
State your assumptions and determine if the cable is 
strong enough to support the pipe. 

30k 30k 

hinge 

A 61 ...— 	 B C/ D 

4 	A 
I 	4 	 I. F.11.1.1-.1-.1 

60' 	 9' 	15' 


